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z? =0, J(z,y,zz) = J(z,y, 2)x, (1)

where J(z,y,2) = (zy)z + (yz)x + (22)y is the Jacobian of the elements z,y,z € M.

Lie algebras fall into the variety of Malcev algebras because the Jacobian of any three
elements vanishes. The tangent space T'(L) of an analytic Moufang loop L is another
example of a Malcev algebra. Let A be an alternative algebra; if we introduce a new
product by means of the commutator [z, y] = xy — yz into A, we obtain a new algebra
that will be denoted by A(—). Tt is easy to verify that the algebra A(~) is a Malcev algebra.
All Malcev algebras obtained in this form are called special. The classic example of a
non-Lie Malcev algebra is formed by traceless elements of the Cayley-Dickson algebra
with the commutator. This 7-dimensional exceptional Malcev algebra is denoted by M
and is one of most cornerstone examples.

The description of the structure of algebras and superalgebras that contain certain
finite-dimensional algebras and superalgebras has a rich history and important appli-
cations in representation theory and category theory (for example, see [17,20,23]). The
classical Wedderburn Theorem says that if a unital associative algebra A contains a
central simple subalgebra of finite dimension B with the same identity element, then A
is isomorphic to a Kronecker product S ®@p B, where S is the subalgebra of the elements
that commute with each b € B. In particular, if A contains M, (F) as a subalgebra
with the same identity element, we have A = M,,(S) “coordinated” by S. Kaplansky in
Theorem 2 of [18] generalized the Wedderburn result to alternative algebras A and the
split Cayley algebra B. Jacobson in Theorem 1 of [16] gave a new proof of the result
of Kaplansky using his classification of completely reducible alternative bimodules over
a field of characteristic different of 2 and finally Victor Lépez-Solis in [23] proved that
this result is valid for any characteristic. Using this result, Jacobson [16] proved a Kro-
necker Factorization Theorem for Jordan algebras that contain the Albert algebra with
the same identity element. Statements of this type are usually called Kronecker factor-
ization theorems. In the case of right alternative algebras, S. Pchelintsev, O. Shashkov,
and I. Shestakov [27] proved that every unital right alternative bimodule over a Cayley
algebra (over an algebraically closed field of characteristic not 2) is alternative, and they
used that result to prove a coordinatization theorem for unital right alternative algebras
containing a Cayley subalgebra with the same unit.

In the case of superalgebras, M. Lopez-Diaz and I. Shestakov [20,21] studied the rep-
resentations of simple alternative and exceptional Jordan superalgebras in characteristic
3 and through these representations, they obtained some analogs of the Kronecker Fac-
torization Theorem for these superalgebras. Also, V. Lépez-Solis in [23] obtained analogs
of the Kronecker Factorization Theorem for some simple alternative superalgebras. Sim-
ilarly, C. Martinez and E. Zelmanov [25] obtained a Kronecker Factorization Theorem
for the 10-dimensional exceptional Kac superalgebra Kig. Moreover, A. Pozhidaev and 1.
Shestakov [29] studied the representations of simple finite-dimensional noncommutative
Jordan superalgebras and proved some analogs of the Kronecker factorization theorem
for such superalgebras (see also [28]).



86 V. Lépez Solis / Linear Algebra and its Applications 736 (2026) 84—125

In regards to Lie theory, [3] S. Berman and R. Moody initiated the study of Lie alge-
bras graded by the root system of characteristic 0 and obtained coordinatization theorems
for Lie algebras graded by a simply-laced finite root system of rank n > 2. Moreover, in
[2] G. Benkart and E. Zelmanov determinated some coordinatization theorems for Lie
algebras graded by doubly-laced finite root systems (see also Neher [26]).

Carlson in [4] studied Malcev modules for 3-dimensional simple Lie algebras and
for the 7-dimensional exceptional Malcev algebra M. She proved that the only non-
Lie modules that appear for algebraically closed fields of characteristic # 2,3 are a
2-dimensional module for the 3-dimensional simple Lie algebra sly(IF) and the regular
module for M. In [5,6] it was proved that for fields of characteristic # 2,3 any finite-
dimensional module over a semisimple algebra which is the direct sum of classical simple
Lie algebras and Malcev algebras of type M splits into a direct sum of a Lie module and
a direct sum of irreducible non-Lie modules of the two types mentioned above. Elduque
and I. Shestakov in [9] determined the irreducible modules over the Malcev algebras
without any restriction on the dimension. The main results obtained by them assert
that, essentially, the non-Lie modules that appear in the finite-dimensional case are the
only ones in general. So using these results, V. Lépez-Solis in [22] proved an analog of
the Kronecker factorization theorem for Malcev (super)algebras that contain (in the even
part) M over fields of characteristic # 2, 3. Thus, following the study of the structure of
(super)algebras that contain (in the even part) finite-dimensional simple algebras, the
following question appears: what about the structure of Malcev (super)algebras that
contain (in the even part) sly(F)? This question is analogous to the problem posed by
Nathan Jacobson for alternative algebras [16].

Analogous to the above problem have been solved for some non-associative algebras.
For unital alternative algebras containing a split quaternion algebra with the same iden-
tity element has been solved by V. Lépez-Solis and I. Shestakov in [24] (see also [16]).
Similarly, for unital Jordan algebras containing the Jordan algebra of symmetric 2 x 2
matrices has been solved by J. Laliena, V. Lépez-Solis, and I. Shestakov in [19].

1.2. Main result

In this paper, we consider an important subvariety of Malcev algebras. Certainly,
Filippov in [10, (6)] introduced a very interesting identity and considered (see [11-14])
the subvariety #H of those Malcev algebras satisfying this identity. He proved in [12] that,
in a sense, the subvariety H plays the same role as the variety of Lie algebras in the
structure theory of Malcev algebras. Moreover, the central closures of the prime algebras
in H and the simple algebras in H are simple algebras of the two types mentioned in the
previous subsection (see [7]).

The aim of this paper is to solve the problem proposed in subsection 1.1 for Malcev
algebras in the subvariety H, that is, we determine the structure of the Malcev algebras
in H that contain slz(IF).
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The paper is organized as follows: In Section 2, we provided some definitions about
Malcev algebras, their representations, and graded algebras and modules by the root
system. In Section 3, we describe the structure of the Malcev algebras M in ‘H that
contain sly(IF).

Essentially, the coordinatization Theorem 3.14 involves two ingredients: a Malcev
algebra M in H containing sla(IF) such that msly(F) # 0 for any 0 # m € M is
“coordinated” by a commutative associative algebra B and a commutative B-bimodule V,
on which a skew-symmetric form is defined with values in B, satisfying Pliicker relations.
More exactly,

M =sly(B) @ V2,

with a properly defined multiplication. Moreover, we drop the condition “msly(F) # 0
for any 0 # m € M” and describe the structure of the same class of Malcev algebras M
containing sly(F).

2. Preliminaries

In this section, we provide background material that will be used along the paper.
Throughout this paper F will be a field of characteristic different of 2 and 3. So by (1),
a Malcev algebra M is an anticommutative algebra that satisfies the Malcev identity

(z2)(yt) = ((zy)2)t + ((y2)t)z + ((2)2)y + ((tz)y)=. (2)

Here and in what follows, we omit parentheses in left-normed products: zyzt = ((zy)2)t,
zy - zt = (xy)(zt), x - yz = x(yz), etc. The following functions play an important role in
the theory of Malcev algebras:
J(x,y,2) = xyz + yzx + zay, the Jacobian of x,y, z,
[,y, 2] =xyz+ x - yz, the antiassociator,
{z,y,2} = vyz — w2y + 20 - yz = J(2,y,2) + 37 - yz,
h(y, z, t,z,u) = {yz, t,ute + {yz, t,c}u + {yz, z, u}t + {yu, z, £ }t,
p(ma Y, z, t) = 7{Zt> x, y} - {yta Z, 1[,’} + {fEt, Y, Z}

and the operator

ra(y, z,t) = p(x,y, 2,t).

The function p is skew-symmetric in y, z, t. Indeed, the skew symmetry of p in y and
z follows from the fact that all Malcev algebras are anticommutative. This implies that
« is skew-symmetric on its arguments.

Note that the operator « was defined by V. Filippov in [13] and was essential in
[8,9,14,22,30].
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2.1. Malcev modules

Recall that slo(F) is the Lie algebra of traceless 2 x 2 matrices over F with the
commutator and with the following basis {E, H, F'} such that

1
EH =E, FH=-F, EF = _H. (3)

This algebra is simple and is one of the main objects of our paper.

Given a Malcev algebra M and a vector space V over I, V it is said to be a module
for M if there exists a F-linear map p : M — Endp(V)(x — p,), such that the split
extension & = M @V, with multiplication given by

(z+0) - (y +w) := zy + (vpy — wpa) (4)

for z,y € M, v,w € V, is a Malcev algebra. In this case, p is called a representation of
M.

The module V is said to be irreducible if p # 0 and it does not contain any proper
submodule. V is said to be a Lie module in the case J(V, M, M) =0 in &. Also, V is
said to be almost faithful if kerp does not contain any ideal of M and faithful if kerp = 0.

A M-adjoint module, M, for algebra M, is defined on the vector space M with the
action of M coinciding with the multiplication in M. So we have the sly(F)-adjoint
module, sly(F).

Example 2.1. The Lie algebra sl(F) has a 2-dimensional non-Lie Malcev module with
basis {u,v} such that

uH =u, vH = —v, uE =v, uF =0, vE =0, vF = —u.

In characteristic 3, this is a Lie module. This sly(FF )-module will be called a module of
type V.

Let V' be a module for the Malcev algebra M and let & = M@V be the corresponding
split extension. Consider

I'=T(&) ={a € Endp (&) : (zy)a = z(ya) = (za)y Y,y € &}, the centroid of &,
Z=272(&)={a€el: VaCV and Ma C M},
K=KV)={pe€Endr(V): @p, = psp V& € M}, the centralizer of V.
The following proposition was proved in ([9], Proposition 4) to the superalgebra case.

Essentially, it provides some basic properties of the subalgebras Z and K when we
consider irreducible almost faithful modules.
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Proposition 2.2. Assume that V is an irreducible almost faithful module for M. Then,

(i) Z is an integral domain which acts without torsion on M.
(ii) K is a skew field and any nonzero element in K acts bijectively on V.
(iii) The restriction homomorphism ¢ : Z — K(a — a|y) is one-to-one.

2.2. Graded algebras and modules by the root system

Let G be any group with group unit 1. If A is an algebra, we say that A is a G-graded
algebra if there are subspaces Ay, for each g € G, such that

A= @ Ay and for each g,h € G, A A, C Agp.
geG

If 0 # a € Ay, we say that a is homogeneous of G-degree g and we write deg(a) = g.

We know that the Lie algebra sly(IF) has a triangular decomposition sly(F) = L_1 @
Lo® L, determined by the Cartan subalgebra Lo = (H), where Ly = (E) and L_ = (F).
This decomposition is the so-called the Cartan grading of sly(F ), from which we conclude
that

shh(F) = P L

i€Z3
since —1 = 2 in Z3. Thus sl3(F) is a Zz-graded Lie algebra.
Definition 2.3. A Lie algebra L over F is graded by the root system ®, or ®-graded, if:

1. L contains as a subalgebra a finite-dimensional simple Lie algebra g = h& (P, cp 9a)
whose root system is @, relative to a Cartan subalgebra h = go;
2. L =@.couo} La, where Lo ={X € L | [X,H] = a(H)X for all H € h}; and
3. Lo =3 pecolla, Lol
The subalgebra g is said to be a grading subalgebra of L.
It follows from the Definition 2.3 that sly(F) is graded by the root system ®, where
®={-1,1}.

Definition 2.4. A Lie module V over a G-graded Lie algebra L is called G-graded if V' is
a G-graded vector space and

LyVi, C Vgn

for all g,h € G.
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It is well known that the sl (F)-adjoint module is an irreducible Lie module. As above,
we denote this module by sls(F) and, for a € sly(IF), the corresponding element in sl (IF)
will be denoted by @. Therefore, the action of slo(F) in sly(F) satisfies

EE =0, FH T, EF — %F
HE - -E, HIE -0, HF - T,
FE = —%F, FH - -F. FF=0.

It is clear that sly(F) is a Zsz-graded module; sly(F) = V_; & Vo @ V4, where V; = (E),
Vo= (H) and V_, = (F).

3. Malcev algebras that contain sl (F)

Let H(M) be the subspace spanned by the elements h(y, z,t,u,x); H(M) is an ideal
of the Malcev algebra M (see [12]). The subvariety H (over IF) is defined as the class of
Malcev algebras that satisfy the identity h(y, z,t,u,2) = 0, that is, H(M) = 0. In [13] it
was proved that a Malcev algebra M belongs to H if and only if a(M, M, M) (the linear
span of the operators a(z,y, z)) is contained in I'(M) and in this case a(M, M, M) is
an ideal of the centroid.

The most important finite-dimensional simple algebras in the variety H are the 3-
dimensional Lie algebra sl3(F) and the 7-dimensional exceptional Malcev algebra M
over its centroid I', which is a field (see [8], Theorems 2 and 4).

Let M be a Malcev algebra in ‘H and let V' be a module for M, V is said to be a
module for M in the variety H or H-module if there exists a F-linear map p : M —
Endp (V) (z — ps) such that the split extension & = M @ V is again a Malcev algebra
in H with multiplication (4).

Analogously, we can define the subvariety H to the superalgebras case, which has the
same notation as in the algebras. The following results were proved by A. Elduque ([8],
Theorem 5 and Corollary 6) to Malcev superalgebras in H and its proofs can be easily
adapted to algebra case.

Theorem 3.1. Let M be a simple algebra in the variety H and let V' be a H-module for
M. Then V is completely reducible.

As a consequence of Theorem 3.1, we can deduce the following.
Corollary 3.2. Let M be a simple algebra in H, V an H-module for M, and T the

centroid of M. Then V. = Ny & Jy where the submodules Ny and Jy are given by
Ny ={veV:Juw,MM)=0} and Jy = J(V, M, M). Moreover,
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(i) If dimr M = 3, then Ny = Anny M & NV, with Anny M = {v € V : oM = 0},
]\Afv = VMnNNy. Besides, NV 1s a direct sum of copies of the adjoint module for M
and Jy is a direct sum of copies of the unique irreducible non-Lie module for M.

(ii) If dimp M = 7, then NyM = 0 and Jy is a direct sum of copies of the adjoint
module for M.

Moreover, if M = sl3(FF) in Corollary 3.2 (4), then I. Shestakov ([30], Lemma 8) proved
that Jy = {v e V: {v, M, M} = 0}, that is, Jy satisfies the condition

vab — vba + 2v - ab = 0,

for any a,b € M and v € Jy.

Now, if V' is a Malcev module for slz(IF) not necessarily in the variety H, it should be
noted that Ny need not be completely reducible (see, for example, [1]). This is the reason
why we consider Malcev algebras in H because by Corollary 3.2 (7) NV it is completely
reducible and is a direct sum of copies of the adjoint module for sly(F).

But in the finite-dimensional case, the situation is different because it was proved that
any finite-dimensional Malcev sl3(IF)-module splits into a direct sum of a completely
reducible Lie module and modules of type V5. The class of irreducible Lie modules is
comprised of modules of type L,,, where m is a non-negative integer and L,, has the
basis {vg, v1,. .., Un} with a multiplication table

1
viH=§(m—2i)vi, 1=0,...,m

1
UiE:§Ui+lv iZO,...,m—l, ’UmEZO

1
UiFZ §(mi—(i—l)i)vi_1, i=1,...,m, ’UoFZO.

In [22] was described the structure of Malcev algebras containing the 7-dimensional
exceptional Malcev algebra M. In this paper, we describe the structure of the Malcev
algebras M in the variety H containing sls(IF).

3.1. The case mL # 0 for any 0 £ m € M

Let M be a Malcev algebra in the variety # that contains a subalgebra L = sly(IF)
such that mL # 0 for any 0 # m € M. Then we can consider M as a Malcev H-module
for L and by Corollary 3.2 (i), AnnyL = 0, Naq = Npq and

M= Ny & Jpm,
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where Ny = Z@slg(F)i with sly(F), = sly(F) as slo(F)-modules and Jpy = ), ®V5;,

with Vo; 2 V4 as sly(F)-modules, where Va; is a 2-dimensional non-Lie Malcev module
for slo(IF) which has a basis {u;,v;} (see Example 2.1) satisfying

’U,lH = U4, ’UiH = —V;, UZE = V4, UZF = 0, ’UiE = 0, ’UiF = —Uj. (5)

allows us to conclude that N  is a Zs-graded

K2

The expression Ny = 2@5[2(117)-
module, that is, '
N./Vl = V—l &b % ¥ ‘/h

where Vl = <Ez>7 Vb = <F1> and V_l = <Fl>
Moreover, by the proof of Theorem 5 of [8], we see that

Ny = La(M, L, L) = > ®La
0#aca(M,L,L)

is the sum of copies of L and a(M, L, L) is a subspace (the linear span of the operators
a(x,y, z), where x € M and y, z € L) of the ideal a(M, M, M) of T'(M).

In Proposition 3.4 we prove a coordinatization theorem for N4, which means that
Ny is isomorphic to sla(U) as algebras, where U is a certain associative commutative
algebra.

3.1.1. Zs-grading M = Nyt ® Jm
Lemma 3.3. N, is a subalgebra of M and NI C Jpq-

Proof. We have Ny = {m e M :J(m,L,L) =0} and Jpy = {m e M : {m,L, L} = 0}.
Then for any «, 5 € (M, L, L)

J((La)(LB), L, L) C J(L*aB,L,L) C J(L,L,L)aB =0,

so (La)(LB) € Naq and NaygNpag C Npy. Consequently Ny is a subalgebra of M.
Furthermore

{(La)Jm, L, L} € {(LIm)a, L, L} € {Jpq, L, L}a =0,

then (La)Ja € Iy and NagJag C Jug.
Thus the lemma is proved. O

Proposition 3.4. The subalgebra Naq is isomorphic to L @ U, where U is a unital asso-
ciative commutative algebra.
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Proof. We have Ny = La(M, L, L). Denote U = a(M, L, L), and we will show that U
is the desired subalgebra of T'(M).
We fix arbitrary elements o, 8 € U and a,b € L. So aaf8 € N because

J(CLO[/67 L7 L) g J(aa, La L)ﬂ = 07
then aaf = ), a;ay for some a; € L and a; € U. Assume that w = aaf — ), a0 = 0,

w=(6E + AF +vyH)af — > (SE+ \F +viH)a; =0, (6)

K3

where a = 0E + AF +vH, a; = 6, F + N F + v, H and 3, \,7y,0;, \i, v # 0 are elements
of F. Since a8 € I'(M) and by the multiplication table of L, from (6) we get

1 1
0= Ew = (;AH +7E)aff - Z(i)\iH +7E)a;,

(3

0=E-Ew= (%)\E)aﬁ - Z(%/\ZE)O@

7
which implies Faf8 = Eq, where & = Y, A" 'a; € U. Then E(af8 — @) = 0. From this
it is easy to see that F(af —a) =0 and H(af — &) = 0; thus

L(af—a)=0

and a8 — a = 0. Therefore af =a € U; UU CU.
We consider m € M and a € L, then

If [, B] = aff — Ba, we have
(M[avﬂ])l’ =0;

so MJa, 8] = 0 (because AnnpL = 0) and [, B]|pm = 0. In particular, (o, 8]lw, = 0
for any irreducible component W; of M, then by a version for algebras of the Proposi-
tion 2.2(iii) we get [o, 8] = 0 because ¢ : Z — K (o — aw,) is one-to-one. Therefore,
[U,U] = 0; then U is a unital associative commutative algebra.

Also,

(aa)(bB) = (a(bB))a = ((ab)B)ex
= (ab)(Ba) = (ab)(ap).
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Let v = Fay + Fas + Hag = 0, where «; € U. Then, 0 = Ev = %Hag + Fajs and
0=FE-Ev= %Eag which implies Fas = 0. From this, Fas = 0 and Has = 0; so

LO&QZO

and as = 0. Similarly, o; = 0 for ¢ = 1, 3. Therefore, Naq = L ®p U as algebras.
The proposition is proved. O

Corollary 3.5. The subalgebra Ny of M is a Lie algebra.
Corollary 3.6. The Lie algebra Ny of M is Zs-graded perfect Lie algebra.

Note that the following result does not require the condition: mL # 0 for any 0 #
m € M. Therefore, it has a general figure.

Lemma 3.7. (/15], Lemma 9) Let Va; and Va; be the 2-dimensional non-Lie Malcev mod-
ules over L with the standard bases {u;,v;} and {u;,v,}, respectively; then

1
uinE = —’U,ﬂ}j, uivjE = —51}2‘1}]‘, ’Ui’UjE = O7
1
UZ‘UJ'F = O, Ui'()jF = guiuj, ’Ui’UjF = U;Vy,
uinH = —U;Uy, uinH = 0, Uﬂ}jH = V;Vj

and w;v; = viu; for all i,j. So, JJQM is a Lie L-module. In particular, if i = j, then
V2 0.

Proof. From (5) for all 4, j, we have
—u;v; F = wv; - FH (i) u; vy H + FvjHug +viHu F' + Hu Foj
= ujHu; —vju B — uiFv; = uju; — vju L

SO

'LLZ"U]‘F = §UZU] (7)

Also,
7”01'ij = V;vy - FH (:2) ’l}iFUjH + F’UjHUi + UjH’Ul'F + H’l}iFUj

= —’LLinH + ’U,jH’Ui — ’UjUiF + ’UZ'FUJ' = —’U,Z"UjH + U;U; + ’Ui’l)jF — UVy5

and
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1
Vv F = §(uiij — u;v; + u;v;5).

Similarly,
1 (2)
§’U,ﬂjo = Uy - EF = UiE’UjF + EUjFui +vjFu B+ FuiEvj
® 1
=vv; F —uju, B = §(uiij — uv; + uv;) — uju B
hence
1
uu; B = —i(uivj + Uiu]‘).
Moreover,

uu B = uuy - EH (é) u Bu; H 4+ Bu;Hu; + wyHu B+ Hu; Eu,

= viu; H —vjHu; +ujui B — wi Euy = viu  H +vjuy + uju B — vvg,
then
2uiu; B = viu H 4 vjug — viv5,
and using (9)
—u;v; — viu; = viuiH + viju; — vy,
we get
viu; H = 0.
Then, by (8), viv;F = §(usv; H — u;jv; + u;v;) = 5(—u;v; + usv;). Further,

@

viv; F' = u; Bv;F = ww; - EF — EvjFu; — viFu B — Fu;Ev;
= %uiij +uju B (!) —ujui
so by (9) we have
viv; ' = —uu B

Besides,

95



96 V. Lépez Solis / Linear Algebra and its Applications 736 (2026) 84—125
()
Ui’l)jE = uiijE = U;Vj - HE — ijEui — vjEuiH — Euiij
= —Uﬂ}jE - ’U]‘E’U,i + UiHUj

= 7Ui’l)jE — ’Ui’Uj
and
1
’U,i’UjE = —51)2'1)]'. (12)
In the same way

—U;v; = v F - UjE (é) Ui’U,jFE + UjFE’UZ' + FEUin + E’UinF

@ —%ujuiE — §Hv¢uj = %uiqu — Uit
then w;u; E = —2u,;v; +v;u;. So, from (9), —%(uivj +v;u;) = —2u;vj+v;u; which implies
UV = V;U;j. (13)

Hence, from (9) and (11), we get

vV F = —uu; B = u;v;. (14)
Furthermore,

—ujuiF' = viFu; F @ viu - FF — FujFv; — uj FoF — Fo;Fu;
= —u; F'uj =0,

then

Similarly, we have
—UinH = UZ‘FUJ'H (é) iUy - FH — FUjH’Ui — uijiF — HUiFUj
= —’Ui’U,jF - ’LLj’UfL'F - UiF’u,j = U;Uy
and so

Moreover,
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’Ui’UjH = uiEij (é) U;vj - FEH — EUjHui — ijuiE — HuiEvj

= U,Z‘UjE + vjuz-E + ’U,Z‘E’Uj = v;v;,

implies
vv; H = vv;. (17)
Further,
viv; B = u;Bv; B (:2) uv; - BE — EvjEu; —viBu B — Eu;Ev;
=v;EBv; =0,
then

’UZ"UjE =0. (18)

If i = j, then by (14), u;v; = —u;u; E = 0. Thus Vi = 0.
We consider the identity [8]

J(tw,y,2) =tJ(2,y,2) + J(t,y,2)r — 2] (t,7,yz) (19)

which is valid in every Malcev algebra. Then, for any w,v € Juq and a,b € L, we have
{u,a,b} = {v,a,b} =0 and from (19)
J(uv,a,b) = uJ(v,a,b) + J(u, a,b)v — 2J(u, v, ab)
=u({v,a,b} —3v-ab) + {u,a,b} — 3u - ab)v
—2(uv - ab+v(ab) - u + (ab)u - v)
=v(ab) - u+ (ab)u-v — 2uv - ab
= {ab,u,v}.

Thus,
J(uv,a,b) = {ab, u,v}. (20)
Then, for any 4, j we obtain

{E7U7;,’LLJ'} = E’U,Z'Uj — Eujui + 2F - Ui Uy

(14) (13)
= —vu; +vu; + ZUZ"UJ‘ = —uUv; — uv; + 2uivj =0,

(15)

{F,ui,uj} :Fuiuj 7F’UJJUZ+2F"LL1’U,] O,

{H,ui,u;} = Huu; — Huju; + 2H - uu, o —uit 4 uju; + 2uu; = 0
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and

{E,vi,v;} = Evjv; — Evju; + 2E - vv; ) 0,
{F, V;, Uj} = FUZ‘UJ‘ — FUjUi + 2F - ViV

| | (22)
(l:_l) 'Ll,l"Uj — Uj’Ui — 2uﬂ)j (2) Ui’l)j — vjui — Q'U,i’l)j = 0,

17
{H, Vi, Uj} = Hvivj — HUjUi + 2H - V;Vj (:) ViV — VjV; — 2’Uﬂ)j =0.

Also, note that the function {z,y, z} is skew-symmetry in the last two variables, then it
is only necessary to have the following equalities:

: 1
{E,ui,vj} = Euivj — Evjui +2F - UV (122) —V;V5 + 2(—111‘11]') =0,

2
7 1
{F, U,Z‘,Uj} = Fuivj — ijui + 2F - UV (Z) —UjU; + 2(—§uiuj) = O, (23)
{H, ui,vj} = H’LLZ‘UJ‘ — Hujvi +2H - U;V; (]:U) —U;V; — VU = 0,

and similarly
{E,vi,uj}:{F,vi,uj}:{H,vi,uj}:(). (24)

Therefore, by the relations (20)-(24), J3%, is a Lie L-module.
The lemma is proved. O

It follows immediately from Lemma 3.3, Proposition 3.4 and Lemma 3.7 the following
result.

Corollary 3.8. M = Ny & Iy is a Za-graded algebra, where Ny is the even part and
Jnm is the odd part of the Zs-grading of M.

3.1.2. Multiplication in Jxq

We know that Ju is completely reducible and is the direct sum of modules isomorphic
to the 2-dimensional non-Lie Malcev module, that is, Ja = >, ®Va;, where Va; is a non-
Lie 2-dimensional Malcev module for the Lie algebra L. Denote by V(1) and V(2) the
subspaces of Ja spanned by elements of type u and v, respectively; then the mappings

Rp:V(1) —V(2), w~— wE,
R_p:V(2) —V(Q), w— —wF

are mutually inverse and establish isomorphisms between V(1) and V(2). Clearly, Jy =
V(1) ® V(2). Consider V= V(1), then for any w € V, denote w(1) = w and w(2) =
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Rg(w). Thus Va(w) =F -w(1) + F - w(2) = Va. So the relations of (5) can be written as
follows:

(25)

for any w € V.
Proposition 3.9. For any u,v € V, we have
Va(u) - Va(v) = Lu, v)

where (-,-) : VxV — U is a skew-symmetric bilinear mapping. In particular, Vo(v)? = 0
for anyv e V.

Proof. By Corollary 3.8, J%, C N, then there exists ap,ap,ay € U such that
y M

u(l)v(l) = Eag + Fap + Hag. So by Lemma 3.7, 0 () u(1)v(1)F = tHag + Fay
which implies ag = ag = 0, then u(1)v(1) = Fag. Denote a = ap € U, then

u(1)v(1) = Fa.

Furthermore, we have

u(1)o2) 2 —u(1)w(1)E = —FaE = - Ha,
w(2)o(1) 2 o(1)u(1)E = —FaE = - Ha,
w(2)o(2) 2 —2u(1)0(2)E = 72(%Ha)E — Ea

which proves that V(u) - Va(v) = La.
Finally, denote oo = (u,v), then

Va(u) - Va(v) = L{u,v), Va(v) - Va(u) = Lv, ).
But from (13)
u()o(2) = —v(1)u(2),
then 1 H (u,v) = —%H (v, u), which implies L({u,v) + (v,u)) = 0. So

(u,v) = —(v,u).

Also F(u,v +w) = u(1)(v + w)(1) = u(l)v(l) + u(D)w(l) = F(u,v) + F{u,w), then
L({u,v + w) — (u,v) — (u,w)) = 0 and
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(u, v+ w) — (u,v) — (u,w) = 0.

Similarly (u 4+ v, w) — (u,v) — (u, w) = 0, which proves that (u,v) is a bilinear function
of v and v, and the proof is complete. O

Lemma 3.10. For any u,v,w,t € V the following identities hold:
w(u, v) + u(v,w) + v{w,u) =0, (26)
(w, t)(u, v) + (u, t) (v, w) + (v, t)(w, u) = 0. (27)
Proof. Recall that in the proof of Proposition 3.9, we obtained the equalities

u(1)v(1) = F(u,v),

U(Q)U(Q) - E<U7 U>a

with (u,v) € U and U is a subalgebra of T'(M). Then u(1)v(1) - w(2) = F(u,v)w(2) =
w(1){u,v) and
u(1)v(1) - w(2) = u(l)v(1) - w(l)E =
@ uw(Dw(L)v(1)E + w(l)v(l)Eu(l) + v(1) Eu(l)w(l) + Bu(l)w(l)v(l) =
CLED B, wyo(1)E + Fw, v)Eu(1) + o(2)u(Dw(1) — u(2)w(1)o(1) =
H(w,v)u(1) + 1 H(v,u)w(l) — 3 H(u, w)v(l) =
%u(l)(w,w — %w(l)(v,u) + %v(l)(u,w),
thus w(1)(u, v) = Fu(1){w,v) — 3w(1){v,u) + v(1){u, w) and
w(1)(u,v) = u(1)(w,v) +v(1){u, w), (29)

which proves (26). Multiplying (26) by the element ¢t € V', we get (27). The lemma is
proved. O

Similarly, —u(2)v(2) - w(l) = —E{u,v)w(1l) = w(2){u,v) and

—u(2)v(2) - w(l) = u(2)v(2) - w(2)F =

D u@u(2)(2)F + w20 Fu(2) +v@)Fu2)u(2) + Fu@)u(2)(2) =

)
CLED B, wyv(2)F + E(w, o) Fu(2) — o(1)u(2)w(2) + u(1)w(2)o(2) =

= 1H(w,v)u(2) — $H (v, u)w(2) + $ H(u,w)v(2) =

= %u(2)<w,v> — %w(2)<v,u> + %v(2)<u,w),
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then w(2)(u, v) = 1u(2)(w,v) — Fw(2)(v,u) + 2v(2)(u, w) and
w(2){u, v) = u(2){w,v) + v(2)(u, w). (30)
Therefore, from (29) and (30), we obtain
Va(w){u, v) € Va(w){w, v) + Va(v) {u, w).
The following results were proved in [24].

Corollary 3.11. Let {v; | i € I} be a basis of the space V and let u;; = (v;,vj) € U. Then
the elements u;; satisfy the Pliicker relations

Uiy = —Uji,  UijUkt + Uikl + witje =0 (31)
Lemma 3.12. Consider the algebra of polynomials F [x1,...,2n;91, ..., Yn], and let a;; =
Tj Yy

tions (31). Moreover, the algebra F [a;; | 1 < i < j < n] is a free algebra modulo relations

(31).

det lm . ] €F [x1,...,TniY1, - Yn]. Then the elements o = —ay; satisfy the rela-

In the Lie algebra sly(F), consider a basis formed by matrices

_ (0 -1 (-3 O (0 0
= (3 9)n=(F9) e (1)

that clearly satisfy the multiplication table of sly(F) (see Subsection 2.1). Also, recall
that by Proposition 3.4, Naq & sl3(U), hence M = sl (U) @ V(1) @ V(2).

Proposition 3.13. Let X, Y e M, X = X +2(1) +y(2), Y =Y + 2(1) + t(2), where

X = % _[f —a)} Y, = % <_f _ch), a,b,e,d,e, f € U, z,y,z,t € V. Then the
c e

product XY is given by

_ L+ )~
XYX”@+2< (@.2) %K%ﬂ+@w»>

+ (fx—ey —cz+bt)(1) + (de — fy — az + ct)(2),
where XYy, is the Lie bracket of X1 and Yy,.

Proof. Directly from the relations (25) and (28). O

We can make the formula defining the product in M more transparent by using the
following notation:
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(u,v) =u(l) +v(2).

So, we have X = X1 + (z,y) and Y =YL + (2,1), then

— l —%(<x,t>+<y,z>) _<y7t> T P
XY = X,V + ( - %(<x’t>+<y’z>)> + (2,9)Y1 + Xp(2,1). (32)

In the next subsection, we will prove that Proposition 3.13 in fact describes all Malcev
extensions of the Lie algebra sly(F) in the variety H.

3.1.3. The main theorem

Let B be a unital associative commutative algebra over a field of characteristic # 2,3
and let V' be a commutative B-bimodule. Assume that there exists a B-bilinear skew-
symmetric mapping (-,-) : V. x V' — B such that (V, V) C B and formula (26) holds for
any u,v,w € V.

Let M = sl3(B) ® V2, where sly(B) is the vector space of all matrices “coordinated”
by B having trace zero, V2 = {(u,v) |u,v € V} 2V &V and

B a subalgebra of T'(M).

Let X, Y e M, X = X1 +(2,y),Y = Yr+(z,t), where X1, Yy, € sly(B) and (x,y), (2,t) €
V2. Define a product in M by formula (32):

N[—=

2 (z, 2) ((z, 1) + (y, 2))

where X Y7, is the Lie bracket of X and Y7.

XV xoy, s L <;<<x,t> ) —(nt) ) (o y)Yi + Xo(28),

Theorem 3.14. The algebra M with the product defined above is a Malcev algebra in H
containing L = sly. Conversely, every Malcev algebra in H that contains a subalgebra
L = sly with mL # 0 for any 0 # m € M has this form.

Proof. The second part of the theorem follows from Proposition 3.13 with B = U. For
the first part, we begin proving that M is a Malcev algebra.

Let B be a unital associative algebra and let W be a right B-module such that
W|[B, B] = 0, then in this case w-b = b-w for allw € W, b € B. Assume that there exists
a B-bilinear skew-symmetric mapping (-,-) : W x W — B such that (W, W) C Z(B)
and for any u,v,w € W

(u, v)w + (v, w)u + (w, u)v = 0.

Let A = My(B) ® W2, where W? = {(u,v)|u,v € W} 2 W @ W. Let X,Y € A,
X =X,+ (2,9), Y =Y, + (2,t), where X,,,Y, € Ma(B) and (z,y), (z,t) € W2. Define
a product in A by formula:
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_ 1 [ —(z,t) —(y,) ; “ 4 (g
XY_XaYa+4< ) (o) >+( )(Xa)" + (2,y)Ya,

where A — A* is the symplectic involution in My(B):

(-

Using the proof of Theorem 5.1 of [24], it is proven that A is a unital alternative algebra.
From this we know that A~ = (A, [, ]) is a Malcev algebra, where [, ] is the Lie bracket.
The product in A7) is:

[X,Y]=XY -YX =

B T N A W
= XY, + 1 ( (z,2) (y, 2) ) + (2, 0)(Xa)* + (z,9)Ya
_ 1 _<Z7y> _<t7y> T *_ (g —
Yo X, 1 < (2, 2) (t, ) > (z,y)(Ya) (2, 1) X,
. LA we) . ]
- [Xa,Ya]+ 2 ( <(E7Z> %(<$7t>+<y72>)> +[( ay)7Ya]+[Xa’( 7t)]

Take B = Z(B) and R = My(B) ® W2. Thus we see that M = R~ < A~, which shows
that M is isomorphic to a subalgebra of A~. Then M is a Malcev algebra.

Finally, we will prove that M belongs to the variety H. For this, it will be
enough to verify that a(M, M, M) is contained in T'(M) (see [13]). It is clear that
a(sly(B),sly(B), sla(B)) is contained in I'(M). Now as « is skew-symmetric, we consider

only the following cases:
The cases a((u,v), E, F), a((u,v), E,H), a((u,v), F,H)
We begin with

Ea((u,v),E,F) =p(E, (u,v),E, F) =
=—{EF,E, (u,v)} — {(u,v)F, E, E} + {EF, (u,v), E} =
=—H{HE, (uv,v)} +{v(1),E,E}+ 3{H, (u,v),E} =

= —3(HE(u,v) — H(u,v)E + 2H - E(u,v))+

+3(H(u,v)E — HE(u,v) + 2H - (u,v)E) =
= (= B(uyv) — (—u(l) + o(2)E — 2Hu(2)) + L(—u(1) +v(2) B+

+E(u,v) +2Hu(2)) =

= E(u,v) + (—u(l) + v(2))E + 2Hu(2) = —u(2) — u(2) + 2u(2) = 0.
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Also,

Fa((u,v), E,F) = p(F, (u,v),E,F) =
= —{EF,F, (u,v)} — {(u,v)F,E,F} + {FF, (u,v), E}
=—-YH F (uv,v)} +{v(1),E F} =
= —%4(HF(u,v) — H(u,v)F 4+ 2H - F(u,v)) + v(1)EF —v(1)FE + 2v(1) - EF =
= —5(F(u,v) = (~u(1) + v(2))F + 2Hv(1)) + v(2 )F+v( JH =
= —3((1) +v(1) = 20(1)) = v(1) + (1) =

In the same way,

Ha((u,v),E,F)=p(H, (u,v),E,F)=—{EF, H, (u,v)} — {(u,v)F, E, H}+
+{HF, (u,v),E} = —3{H,H,(u,v)} + {v(1), E,H} + {F, (u,v), E} =
= —3(HH (u,v) — H(u,v)H + 2H - H(u,v)) +v(1)EH —v(1))HE + 2v(1) - EH+
+F(u,v)E — FE(u,v) + 2F - (u,v)E = —%(—(—u(1) + v(2))H + 2H (—u(1) + v(2)))+
+v(2)H —v(1)E + 20(1)E + v(1)E + 2 H(u,v) + 2Fu(2) = 0.

In addition,

z(Da((u,v), E, F) = p(z(1), (u,v), E, F) = —{EF, (1), (u,v)} = {(u,0) F, E, (1) } +
+{$( ), (u,0), B} = ——{H 2(1), (u,0)} = {v(1), E,2(1)} =
= —5(Hx(1)(u,v) = H(u,v)2(1) + 2H - 2(1)(u,v))—
—(v()Ex(l) —v(L)z(1)E + 20(1) - Ex(1)) =
= —5(=2(1)(u,v) = (~u(1) + v(2)2(1) + 2H(Flz,u) + 5H(z,v)))—
—(w(2)z(1) = F{v,z)E — 2v(1)x(2)) = $(F(z,u) + 3 H(z,v) — F{u,x) + $H(v,z)—

>
—2F{x,u)) — 2H(v,x) — sH(v,z) + H{v,z) =0

1 1
2 2

and

y(2)a((w,v), B, F) = p(y(2), (u,v), E, F) = —{EF,y(2), (u,v)} = {(u, 0) F, E, y(2) }+
+y(2)F, (u, ) B} = —3{H,y(2), (u,v)} + {v(1), E,y(2)} = {y(1), (u,v), B} =
= —5(Hy(2)(u,v) — H(u,v)y(2) + 2H - y(2)(u,v))+
+o(1)Ey(2) —v(Dy(2)E + 20(1) - Ey(2)—
—y(D)(w,0)E +y()E(u,v) = 2y(1) - (u,0) E
) = (—u(1) +v(2)y(2) + 2H(5H (y, u) + E{y,v)))+



V. Lépez Solis / Linear Algebra and its Applications 736 (2026) 84—125 105

+0(2)y(2) — sH(v, y)E — (F(y,u) + $H(y, v)) E + y(2)(u,v) — 2y(1)u(2) =
= —3(2)u(1) +y(2)v(2) + u(1)y(2) — v(2)y(2) — 2E(y, v))+
)+ 5B, y) + 3H(y,u) + 3 E(y, v) + y(2)u(l) + y(2)v(2) — H{y,u) =

+0(2)y(2) + 3 E
$E(v,y) + $H(y,u) + 3 E(y,v) + 1 H(y,u) — H{y,u) = 0.

Similarly a((u, v), E, H)|p = 0 and o (u,v), F, H)|spm = 0, then obviously a((u,v), E, F),
a((u,v), E,H) and a((u,v), F, H) belong to T'(M).

Now we begin with

Ea((u,v),(z,t), E) = p(E, (u,v), (z,t), E) =
—{(z,)E, E, (u,v)} —{(u,v)E, (2,t), E} + {EE, (u,v), (2,1)} =
=—{2(2), E, (u,v)} —{u(2),(2,1), E} =
= —2(2)E(u,v) + 2(2)(u, v) E — 22(2) - E(u,v)—
—u(2)(z, ) B+ u(2)E(z,1) — 2u(2) - (2,1) E =
= (3H(z,u) + E(z,0))E + 22(2)u(2) — (3H(u, z) + E(u,t))E — 2u(2)2(2) =
lE

) ) —
= —1E(z,u) + 2E(z,u) + 1 E(u, 2) — 2E(u, z) = 3E(z,u).

Furthermore,

Fa((u,v),(z,t), E) = p(F, (u,v), (2,t), E) =
=—{(z,0)E, F,(u,v)} — {(u,v)E, (2,t), F} + {FE, (u,v), (z,t)} =
= —{2(2), F, (u,0)} = {u(2), (2,1), F} = 3{H, (u,v), (2, 1)} =
= —2(2)F(u,v) + 2(2)(u,v)F — 22(2) - F(u,v)—
—u(2)(z, ) F + u(2)F(z,t) — 2u(2) - (2,t)F—
—2(H(u,v)(2,t) — H(z,t)(u,v) + 2H - (u,v)(z,t)) =
= 2(1)(u,v) + (3H(z,u) + E{z,0))F — 22(2)v(1)—

—(3H(u,2) + E{u,t))F — u(1)(z,t) + 2u(2)t(1)—
—3((=u(1) +v(2)(2,t) = (=2(1) + 1(2))(u,v)+
+2H (F(u, z) + 5 (u,t) + 5 (v, 2) + E{v,1))) =
= F(z,u) + 3 H(z,v) + 1 F(z,u) + H(z,v) — H(z,v)—
—1F(u,z) — $H(u,t) — F(u,z) — 1H(u,t) + H(u,t)—
—5(=F(u,2) — $H(u,t) + H(v, 2) + E{v, t)+
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+F(z,u) + 1 H(z,v) — $H(t,u) — E{t,v)+
+2F (u, z) — 2E(v,t)) = 3F(z,u).

Also,

Hao((u,v),(2,t), E) = p(H, (u,v), (2,t), E) =
=—{(z0)E H, (u,0)} = {(u,0)E, (2,1), H} + {HE, (u,v), (2, 1)} =
=—{2(2), H, (u,v)} —{uw(2), (2,t), H} — {E, (u,v), (2, 1)} =
)

(
= —(2(2)H (u,v) — 2(2)(u, v) H 4 22(2) - H(u,v))—
t

—(u(2)(z,t)H —u(2)H(z,t) + 2u(2) - (2,t)H)—
—(E(u,v)(z,t) — E(z,t)(u,v) + 2E - (u,v)(z,t)) =
= 2(2)(u,v) + (3H (z,u) + Bz, v)) H — 22(2)(—u(1) +v(2))~
1

—(3H(u, 2) + Eu, t)) H — u(2)(z,1) — 2u(2)(2(1) — £(2))+
+u(2)(z, 1) = 2(2)(w,v) = 2B(F(u, 2) + 5 (u,t) + 5 (v, 2) + E{v, 1)) =
= 1H(z,u) + E(z,v) + E{z,v) + H(z,u) — 2E(z,v)—
—E(u t) — $H(u,z) — E{u,t) — H(u, z) + 2E(u, t)+
H(u,z) + E{u,t) — $H(z,u) — E(z,v)—
H(u,z) — E(u,t) — E(v, z) = 3H(z,u).

In addition,

e()a((u ), (z,8), E) = p(a(1), (u, ), (21), E) =
= {5 DB, 2(1), (0, 0)} — {(w,0)F, (2, 8), 2(1)} + {2()E, (u,0), (2,8)} =
= —{2(2),2(1), (u, v)} = {u(2), (z, 1), 2(1)} + {2(2), (u, v), (2,1)} =
— (1) () — 2(2)(,v)a(1) + 25(2) - 2(1) (w,0))—
—((2) (2, (1) — u(2)a (1) (2, 1) + 20(2) - (2, (1)) +
F(2) 0, 0) (2,1) — 2(2)(2,8) (1, 0) + 22(2) - () (3,1
= —1H(z,2)(u,v) + (3 H(z,u) + E(z,v))z(1) — 22(2)(F(z,u) + $H(z,v))—
—(3H(u,z) + E(u,t))x(1) + 1 H(u, z)(z,t) — 2u(2)(F(z,z) + 3 H(t,x))+
+(3H(w,u) + B(z,0))(2,t) — (3H(z, 2) + E{z, 1)) (u,v)+
+22(2)(F U72>+H< t)+ 5 (v, 2) + E(v, 1)) =
— 32(1){z,u) — x(2)(z,v) + 22(1) (2, u) + 2(2)(z, v)+
) — %z(l)(u z) + 3t(2)(u, ) + 2u(1)(z, z) + u(2)(t, z)—
32(W{z,u) + 5t(2) {2, u) — 2(2){z, v)+

1
2
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+iu(1)(z, z) — $v(2)(z, 2) + u(2)(z, t)—

—22(1){u, 2) — x(2)(u, t) — 2(2)(v, 2) =

)
= 2(u(1)(z2) + 2(1) (. u) — 2(1){u,2) = 32(1)(z,u)

and

y(2)a((u,v), (2,1), B) = p(y(2), (u,v), (2,1),
= —{(=DE,y(2), (u,0)} = {(w,0)E, (2,1),5(2)} + {y(2)
= —{2(2),4(2), (w,v)} = {u(2), (2,1),y(2)} =
—(2(2)y(2)(u, v) = 2(2)(u, )(2)+2z() y(2)(u,v))—
—(u(2)(z,1)y(2) — w(2)y(2)(2,1) (2
= —E(z,y)(u,v) + (3H(z,u) + Bz, v>)y(2) ( )(3H (y,u) + E(y,v)—
—(5H (u, ) + E{u,1))y(2) + E{u, y) (1t Y+ Ey) =

) =
= u(2)(z,y) + 3y(2)(z,u) + 2(2)(y, u) — %y(2)< z) = 2(2){(u, y) +u(2)(z,y) =
= 2(u(2) (2. 9) + 2Dy 1) +4(2) (z.0) Z By(2) (7).

Similarly,

Moreover,

Ea((uvv)v(zvt)’H) :p(E (u v) ( ) )
=—{(z0)HE, (u,v)} —{(w,v)H, (2,t), E} + {EH, (u,v), (2,1)} =
(

(21);(2«1) —{2(1) = (2), E, (u,v)} — {u(1) — v(2), (2,t), E} =
= —{2(1), E, (u,0)} +{t(2), £, (u,v)} — {u(1), (2,), E} + {v(2), (2,1), E} =
= —2(1)E(u,v) + 2(1)(u, v) E — 22(1) - E(u,v)+

(
+t(2)E(u,v) — t(2)(u,v)E + 2t(2) - E(u,v)—
—u(1)(z, ) E +u(1)E(z,t) — 2u(l) - (2, ) E+
+v(2)(2,t)E — v(2)E(2,t) + 20(2) - (2,t)E =

107
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= —2(2)(u,v) + (F(z,u) + $H(z,v))E + 2z(1)u(2)—
—(H(t,u) + E(t,v))E — 2t(2)u(2)—
—(Flu, 2) + 5 H(u, ) E +u(2)(2,1) — 2u(1)2(2)+
+(3H(v,z) + E(v,t))E + 20(2)2(2) =
= —1H(z,u) — E(z,v) — $H(z,u) — 1 E(z,v) + H(z,u) + +3 E{t,u) — 2E(t,u)+
+3H (u, 2) + $E(u,t) + $H(u, z) + E(u,t) — H{u,z) — $E{v,z) + 2E(v, 2) =
=3E((u,t) + (v, 2)).

Further,

Fa((u,v), (z1), H) = p(F, (u,v), (2, ), H) =
= —{(=,0)H, F, (u,0)} — {(w,0) H, (,0), F} + {FH, (u,v), (2,1)} =
COZEY )~ 1(2), F, (u,0)) — (1) — 0(2), (2 ), F} =
= —{2(1), F, (w,0)} + {t(2), F, (u,0)} — {u(L), (=,0), F} + {v(2), (z.), F} =
= —2(1)F(u,v) + 2(1)(u, v)F — 22(1) - F(u,v)+
FH(2)F (u,v) — t(2)(w, v) F + 2¢(2) - F(u, v)—

OF +u(1)F(z,t) — 2u(1) (2, ) F+

)
)

>+E<t V) F 4 2t(2)v(1)—
%H( ) E + 2u(1)t(1)+
+(3H(v,2) + E(v,t))F +v(1)(2,t) — 2v(2)t(1) =
= 1F(z,v) — 2F(z,v) — F(t,u) — SH(t,v) — 3F(t,u) — 1 H(t,v) + H(t,v)—
—3F(u,t) + 2F (u,t) + 1F(v,z) + $H{v,t) + F(v,2) + 1 H(v,t) — H(v,t) =
= 3F((u,t) + (v, 2)).

In the same way,

Ha((u,v), (2,1), H) = p(H, (u,v), (2,), H) =

—{(z,t)H, H, (u,v)} — {(u,v)H, (2,t), H} + {HH, (u,v), (2,t)} =
=—{2(1) = 1(2), H, (u,v)} = {u(l) = v(2), (2,t), H} =
= —{z(1), H, (u,0)} +{t(2), H, (u,v) } = {u(1), (2,1), H} + {v(2), (2,1), H} =

= —z(1)H(u,v) + z(1)(u,v)H — 22(1) - H(u,v)+
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+t(2)H (u,v) — t(2) (u,v)H + 2¢(2) - H(u,v)—

—u(1)(z,t)H + u(1)H(z,t) — 2u(l) - (2, t)H+

+v(2)(z,t)H —v(2)H(z,t) + 2v(2) - (2,t)H =
— (1) (,0) + (Fz0) + Sz, ) H = 22(1)(—u(1) + 0(2) -
—t(2)(u,v) = (3H(t,u) + E{t,v)H + 2t(2)(—u(1) + v(2)) -
—(F(u,z) + $H{u,t))H +u(1)(z,t) — 2u(1)(2(1) — t(2))+
+(3H(v,z) + E(u,t))H +v(2)(z,t) + 2v(2)(2(1) — (2)) =
= —F(z,u) — 1H(z,v) — F(z,u) + 2F(z,u) — H(z,v)—
—3H(t,u) — E(t,v) — E(t,v) — H{t,u) + 2E(t,v)+
+F(u,z) + Fu,2) + $H(u,t) — 2F (u, z) + H(u, t)+
+E(v,t) + $H{v,z) + E(v,t) + H(v,2) — 2E(v,t) =

= 3H ((u,t) + (v, 2)).

Following the same process,

z(L)a((u,v), (2,t), H) = p(x(1), (u,v), (2, 1), H) =
= —{(z,0)H,2(1), (u,v)} = {(w,0)H, (2,1), (1)} + {z(1) H, (u,v), (z,1)} =
= —{z(1) = £(2),2(1), (u,v)} = {u(1) —v(2), (z,1), 2(1)} + {z(1), (u,v), (2, 1)} =
= —z(1)z(1)(u,v) + 2(1)(u, v)z(1) — 22(1) - 2(1)(u, v)+
+t(2)z(1)(u, v) = 1(2)(u, v)x(1) + 26(2) - 2(1)(u, v)—
—u(1)(z, ) (1) + u(D)z(1)(z, 1) — 2u(l) - (2, H)z(1)+
+0(2)(z, t)x(1) —v(2)z(1)(2, 1) + 20(2) - (2, )z(1)+
+(1)(u,v)(z, 1) — (1) (2, 1) (u, v) + 22(1) - (u,v)(z,1) =
= —F(z,2)(u,v) + )+

) (F(z,u) + $H(z,v))z(1) — 22(1)(F(z,u) + $ H(z,v
+3H(t, z)(u,v) — ($H(t,u) + E(t,v))z(1) + 2t(2)(F(z,u) + 3H (z,v)
—(F{u,z) + éH(u,t)) (1) + F(u,z)(z,t) — 2u(1)(F(z,z) + %H(t,x )+
+(3H(v,z) + E{v,t))2(1) — $H(v,z)(2,t) + 20(2)(F (2, z) + s H{t,z))+
(F(z,z) + $H(z,t))(u,v)+

)
)

H(F (2, u) + 5 H{z,v))(2,t) —
+22(1)(F(u, 2) + 5H((u,t) + (v, 2)) + E(v,1))
= —v(l)(z x) — éx(l)(z v) — z(1){z,v)+
+3(—u(1) +v(2)){t, x) + 32(1)(t u) +2(2)(t, v) — 2¢(1) (2, u) — 1(2) {2, v)+
+37 (1)<U t) +t(1){u, z) —u(1){t, z)—
2(1)(v, 2) — 2(2) (v, 1) = 5(=2(1) + £(2)){v,2) — 20(1)(z, ) — v(2)(t, 2)+

N[—=
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+2(1)((u, t) + (v, 2)) + 22(2){(v,t) =
= =2(u(1)(t, ) + t(1)(z,u)) — 2(v(1)(z, ) + 2(1)(z,v)) + z(1)((u,t) + (v,2)) =
) 32 (1) ((u, ) + (v, 2))

and

y(2)a((u,v), (2,1), H) = )
=—{(z0)H,y(2), (u,v)} = {(w,0)H, (2,1),y(2)} + {y(2)H, (v, v), (2,1)} =
=—{2(1) = 1(2),y(2), (u,v)} —{u(l) —v(2),(2,1),y(2)} = {¥(2), (u,v), (2,1)} =
= —2(y(2)(u,v) + 2(1)(u, v)y(2) — 22(1) - y(2)(u, v)+
+t(2)y(2) (u, v) — (2)(u, v)y(2
—u(1)(z,t)y(2) +u(1
+u(2)(z, t)y ( )—wv
) (u

(y,v)
+2y(1)(u, 2) + y(

— 2(0(2)(y, 2) + 2(2) (v, ) + 2(u(2)]
) 3y2) ((u, ) + (v, 2)).

Then it easily follows that a((u,v),(z,t),E), a((u,v),(z,t), F) and a((u,v),(z,t), H)

are elements of T'(M).

The case a((u,v), (z,t),(p,q))
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Finally, we have

Ea((u,v), (2,1), (p.q)) = p(E, (u,v), (2,1), (p,q)) =
—{(z0)(p,9), E, (u,v)} = {(u,v)(p, q), (2, 1), E} + {E(p, q), (u,v), (2, 1)}
= —{F(z,p) + 3H({z,q) + (t.p)) + E{t,q), B, (u,v)} -
—{F(u,p) + $H((u,q) + (v,p)) + E(v,q), (2,1), E} = {p(2), (u,v), (2, 1)} =
= —((F(z,p) + 3H((2,9) + (t,p)) + E(t,q)) E(u,v)—

—(F(z,p) + 1H(<z a) + (t,p)) + E(t,q))(u, v) E+
+2(F(z,p) + (< q) + (t,p)) + Et,q)) - E(u,v))—
—((F(u,p) + 3H((u, q) + (v,p)) + E{v,q))(2, t) E—
—(F(u,p) + (< Q) + (v,p)) + E{v, q)) E(z, 1)+
+2(F(u, p) + (<u Q) + (v,p)) + E{v,q)) - (2, 1) E)—

—(p(2)(u, v)(z, t) p(2)(2,t)(u,v) +2p(2) - (u,v)(2,1)) =
= (3H(z,p) + 3E((2,9) + (t,p)))(u, v)+
(

+W)(zp) — 3u)((2,9) + (t,p)) — u(2)(t, q) B+
+2(F(z,p) + éH (2,9) + (t,p) + E{t, q))u(2)+
(—t(W)(u, p) + 52(1)((u, 0) + (v,p)) — 5U2)({u, @) + (v,p) + 2(2) (v, ¢)) E+
(=3 H(u,p) = 3E((u, q) + (v,p))(2,)—
—2(F(u,p) + 5H((u, q) + (v,p)) + E(v,q))2(2)—
—(%H<p,u>+E<p,v>)(Z t)+ (3 <p z) + E(p, 1)) (u,v)—
—2p(2)(F(u, 2) + 5 H(u, 1) + 3 H(v, 2) + E{v, 1)) =
= —zu(l)(z.p) + 3 U( Nz:p) = %U(Q) (z,0) + (£, )+
+o(2)(z,p) — 5u(2) ({2, q) + (t,p)) + 2u(1){z,p) + u(2)((2,9) + {t,p))

—t(2)(u,p) + 52(2)((u, @) + (v,p)) +
—22(1)<u7p> 2(2)((u, q) + (v, p))+
+32(1)(pu) — 5t(2)(p, u) + 2(2)(p,v) — 3u(1)(p, 2) + 5v(2)(
+2p( )(u, 2)
u(1)(z,p)

/\
/\

Also,

2,p) +ul
L2(1) (u, p) — 242, p) + 22(2) (1, @) + (v, p))—
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Fa((u,v), (2,1), (p,q)) = p(F, (w,v), (2,1), (p,q)) =
=—{(=t)/, ), F, (v,v)} = {(w,v)(p, 9), (2,1), F} + {F(p, q), (v, v), (2, )} =
—{F(z,p) + 5H((z,q) + (t,p)) + Et,q), F, (u,v)}~
—{F(u,p) + 3H({u,q) + (v,p)) + E(v,q), (2, 1), F} + {q(1), (u,v), (2, 1)} =
= —((F{z,p) + 3H((2,0) + (t,p)) + E(t,q)) F (u,v)—

+ 3H((z,9) + (t,p) + E(t, 0)) (u, v) F+
F2(F(z,p) + YH((z,q) + (t,p)) + E(t,q)) - F(u,v))—
LH((u,q) + (v,p)) + B(v,q)) (2, t) F—

—((F(u,p) +
—(F(u,p) + 3H({u,q) + (v,p)) + E(v,q)) F(2,1)+
+2(F (u,p) + 3 H((u,q) + (v, p)) + B(v,q)) - (2,1)F)+
+q(1)(u,v)(2,t) — q(1)(z,8)(u, v) + 2¢(1) - (u,v)(z,t) =
= —(5F((z,9) + (t,p)) + S H(t, q)) (u, v)+
+((1){z,p) = su(V)((z,9) + (£, ) + 30(2) (2, 9) + (t,p)) — w(2)(t, q)) F -
—2(F(z,p) + 5H((z,q) + (t,p)) + E(t, q))v(1)—
—(t(1)(u, p) = 52(1)((u, @) + (v,p)) + 5t(2 )(( :q) + (v, p)) — 2(2){v,q)) F+
+(3F((u,q

1q) + (v, p) + 3 H (v, 0))(z, 1)+
u,q) + <7 p)) + E{v,q))t(1)+

+(F(q,u) q,v))(2,t) = (F(q,2) + 5H(q,t))(u,v)+
+2¢(1)(F(u, 2) + 1 H(u,t) + H (v, z) + E{v,t)) =
= —30()({z,9) + {t:p)) + su(1){t,q) — 5v(2){t, q)—
—30(1)({z,q) + (t,p)) +u(1){t, q)+
+o(1)((z,0) + (t,p)) + 20(2)(t, @)+
+5t(1) ((w, @) + (v,p)) — 2(1) (v, @)+
)
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In addition,

Ha((u,v), (2,1), (p, ) = p(H, (u,0), (2,1), (p,9)) =
= {0/, 9), H, (u,0)} = {(u,0)(p, @), (2,1), H} + {H (p, q), (u,v), (2, 1)} =
= —{F(z,p) + 5H((z,q) + (t,p)) + E(t,q), H, (u,v)} =
—{F(u,p) + 3H((u,q) + (v,p) + E(v,q), (2, 1), H} + {-p(1) + q(2), (u,v), (2, 1)} =
= —((F(z,p) + 5H({z, q) + (t.p)) + E(t, q))H (u,v)~
—(F(z,p) + 5H({z.q9) + (t.p)) + E(t,q)) (u, v) H+
+2(F(z,p) + 5H({(z,q) + (t.p) + E(t,q)) - H(u,v))—
—((F(u,p) + lH(WQ) + (v,p) + E(v, @) (2, ) H—

—(F{u,p) + 3 H((u,q) + (v, p)) + E(v,q)) H (2, 1)+
(

)
)

+2(F (u, p) + 1H( u,q) + (v, p)) + E(v,q)) - (2,8) H)—
—(p(D)(w,0)(2,t) = p(1)(z, 1) (u, v) + 2p(1) - (u, v) (2, 1))+
+4(2)(u, v) (2, 1) = ¢(2) (2, 8)(u, v) +24(2) - (u,0) (2, 1) =
= —(=F(z,p) + E(t, q))(u,v)+
+(W){z,p) — 3u1)((z,9) + (,p) + 30(2) ({2, 0) + {t,p)) — u(2){t, q)) H—
—2(F(z,p) + 3H((z,q) + (t,p)) + E{t, a))(—u(1) + v(2))—

z q)
= (1) {u, p) = 532(1)((u, q) + (v, p)) + 3t(2)((u, q) + (v, p)) — 2(2){v,q)) H+
+(=F(u,p) + E(v,q))(2,t)—

—2(F(u,p) + 3 H({u, q) + (v,p)) + B(v,q))(2(1) — £(2))~
—(F(p,u) + 3 H(p,v))(2,t) + (Flp,2) + 3H(p, ) (u,v)—
—2p(1)(F(u,z) + +H(u,t) + 1H(v,z) + E{v,t))+

+(5H(g u) + E{q,v))(2,t) — (3H(q, 2) + Eg. 1))
+2q(2)(F(u, 2) + 3 H(u,t) + 3 H(v, 2) + Ev, 1))

=v(1)(z,p) + u(2)(t,q)+

+u(1){z,p) = 3u(1)((z,0) + (t.p)) = 50(2) (2, 0) + (t,p)) + u(2)(t, )~
—20(1){z,p) —u(1)((z,9) + (t,p)) — v(2)((z, q) + (£, ) — 2u(2)(t, q)—
)
p) -

(
)
(

u, v)+

C

(=,
—t(1)(u, p) + 32(1)((u, q) + (v, p)) + 562 (v, @) + (v,p)) — 2(2)(v,9)—
—t(1)(u,p) = 2(2)(v,q)—
2t(1)(u, p) + 2(1)((w, @) + (v, ) + 1(2)({u, @) + (v, ) + 22(2 )<v,Q>—
—t(1){p,u) + 52(1)(p,v) — 5t(2){p, v) +v(1)(p, 2) — 5u(1){p, 1) + 3v(2)(p, 1)~
—p(1)(u, t) = p(1)(v, 2) = 2p(2) (v, )+
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—52(1) (g, u) + 5t(2){q,u) — 2(2){(g, v) + Fu(1){g, 2) — 30(2){q, z) + u(2)(g, 1)+

—2¢(1){u, 2) = q(2)(u, 1) = q(2)(v, 2) =

= 2(u(1){q, 2) + q(1)(z, u) + 2(1){u, ¢))+
+2(v(2)(p, t) + p(2)(t, v) + 1(2){v, p))+
+u()(p; t) + p(1)(t u) + £(1)(u, p)+
+2(1){v,p) +v(1)(p, 2) + p(1)(z,v)+
+2(2)(v, ) +v(2)(g, 2) + ¢(2)(z,v)+

Besides,

x(l)a((u, U)v (Zv t)v (p7 q)) = p(l‘(l), (uv U)v (Zv t)v (p, q)) =

= {0/, 9),2(1), (w,0)} = {(u,0)(p, 9), (2,1), 2()} + {2(1)(p, 9), (w,0), (2,8)} =

= —{F(z,p) + 3H((z,q) + (t,p)) + E{t, q), 2(1), (u,v)} -
—{F(u,p) + 5H{(u, ) + (v,p)) + Ev,q), (2,t), (1) }+
HF(w,p) + 5H(z,q), (u,v), (2,1)} =
= —((F(z.p) + 5H({(z.q) + (t.p)) + E(t. q))=(1)(u, v)—
—(F{zp) + 5H({(z.q) + (t,p)) + E(t,q)) (u, v)x(1)+

+2(F(z,p) + 5H({(z,9) + (t,p)) + E(t,q)) - 2(1)(u, v))
—((Flu,p) + 5H((u, q) + (v,p)) + E(v,q)) (2, )z(1)—
—(F(u,p) + 5H((u, q) + (v,p)) + E{v,q))z(1)(2, 1)+

+2(F (u, p) +

3H((u,q) + (v, p) + Ev,q)) - (2, 1)x(1)+
(2, ) Hx,p) + 5{H, (u,v), (z,6) H{z, q) =

(322, 0) + {t,p) + 2(2){t, ) (uw.v)+
+((1)(z,p) — 5(u(1) = v(2)) ({2, q) + (£ p)) — u(2)({t, q))x(1)—
—2(F(z,p) + 3H((z,q) + {t.p)) + E{t, q))(F(w,u) + 5 H(z,v))—
—(t(1){u, p) — 5(2(1) — t(2)) (v, @) + (v, p)) — 2(2) (v, g))=(1)—
—(32(1)((u, q) + (v, p)) + 2(2)(v,9)) (2, 1)—
—2(F(u,p) + 3 H((u, q) + (v,p)) + E(v,q))(F(z,2) + 3 H(t,z)) =
= 3F(z,u)((2,0) + (t,p) + T H(z,0)((2,0) + (t,p) + (GH(z,u) + E{z,v))(t, q)+

+F(v, 2){z,p) — 3(F(u,z) — 5H(v,2))((z,q) + (t.p) — 3H{u, 2)(t.q)+
+F(z,p)(2,v) — Flz,u)((z,9) + (t,p)) — H(t, q)(x, u) — E(t, q){x, v)—

I, (u,v),
(21)=(24)

<
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—F(t,x><u,p> + %(F<Z,(E> - %H(tm))((wq) + <U’p>) + %H<Z,.’E><’U,q>—
—5(Flw,2) + 5H(z, ) ((u,q) + (v,p)) = 3 H(z, 2){v,q) — Bz, t){v, q)+
+F (u,p)(t, x) — F((u, q) + (v, p))(z,2) — H{v,q)(z, ) — E{v,q){t,x) = 0

and

y(2)a((u, U)’ (Z7 t), (p, Q)) = p(y(Z), (uv U)a (Z’ t)a (p7 q) =

= {00 9),y(2), (w,0)} = {(w,0)(p,9); (2,1),y(2)} + {y(2) (P, @), (w,v), (2, 1)} =

= —{F(z,p) + $H((z,q) + (t,p)) + E{t,0),y(2), (u,v)} -
—{F(u,p) + H((u,q) + (v,p)) + E(v,q9), (2,1),y(2) }+
+{3H{y,p) + E(Y,q), (u,v), (2,1)} =

= —((F(z,p) + 3H((2,9) + (t,p)) + E(t,9))y(2)(u,v)—

—(F(z,p) + 3H((z,9) + (t,p)) + E(t,q))(u,v)y(2)+

+2(F(z,p) + 5H((z,q) + (t,p)) + E(t,q)) - y(2)(u,v)) -
—((F{u,p) + 5H({u,q) + (v,p)) + E{v,)) (2, )y(2)—
—(F{u,p) + $H({u, q) + (v,p)) + E(v,9))y(2)(z, )+

+2(F(u,p) + 3H((u,q) + (v,p)) + E{v,9)) - (2,1)y(2))+

+3{H, (u,0), (2,6)}y,p) +{E, (u,v), (2,t) Hy, q) =

(

CUZEY (1) (2, ) + Ly (2, @) + (£, p)) (. v)+
+(1)iz, >— (u(1) = 0(2)) ((.0) + {£.p)) — w(2){t,))y(2)—
~2(Fz,p) + L H((2,0) + (t,p)) + B{t, @) (3H {y, u) + Bly,0))—
—(t(1)(u, >— (2(1) = £(2)) (s ) + (v, p)) — 2(2) (v, @) y(2)+
Ly(2)((u, 4} + (0,9))) (25 )~
(0,9)) + E(v, @) (3H (zy) + E{t,y)) =
p) — SAH{y,u) + Ely, o) ((z,q) + (t,p))+
) — E(0,9))((.0) + (t,p)) — Blu, y)(t. g)+
(v,

)y,0) + E((z,9) + {t,0))(y, v) = Bt q){y, u)—
) ((u, q) + (v, p)) + E{z,9)(v,¢)+

u, p >+%(%H<y z2) + Ey: 1)) ({u, q) + (v, p) +
E({u,q) + (v,p))(t,y) — E(v,q)(z,y) = 0.

,0), (2,1), (D, 9))|m = 0; so a((u,v), (2,t), (p,q)) belongs to I'(M).

_|_
=
£
=
~
s
+ o
=
IS

Thus o((u
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Consequently, from the above cases we get that M belongs to the variety H. Therefore,
the theorem is proved. 0O

We know that the commutator in any alternative algebra satisfies the identities (1),
so every Lie algebra is a Malcev algebra. The speciality problem for Malcev algebras
asks if any Malcev algebra is isomorphic to a subalgebra of the commutator algebra of
some alternative algebra. In this case, we have the following.

Corollary 3.15. Every Malcev algebra M in H containing L = sly with mL # 0 for any
0 # m e M is special.

3.2. Examples

3.2.1. Exceptional Malcev algebras
Let B be a unital associative commutative algebra over a field of characteristic # 2,3
and consider the full 2 x 2 matrix algebra matrices My(B) over B with the following

el ()6

Let M = M7 (B) be the exceptional Malcev algebra over B. In this case,

O N

O =
= O

Ni= O

M = 5[2(3) D ’UMQ(B)
where Ny = sla(B), Japg = vMy(B), with the product defined by
X Y=XY-YX, X vA=v(X*"A-—XA), vA-vB=BA*— AB", (33)

where X, Y € sly(B), A, B € M3(B) and A — A* is the symplectic involution:

(-

Take V=B = {(a,8) | a,b € B), (a.)() = v ( ) ] (@.5)(2) =
a
Then using (33) it is easy to see that {(a,b)(1),(a,b)(2)} satisfies the relatlons 2’)).

b

C

Therefore, we have M = sly(B) @ V(1) @ V(2), with ((a,b), (¢,d)) = —4det (
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In fact, by (28)

F((a,b), (c,d)) = (a,b)(1) - (c,d)(1)
(oo 0 0
- a b v c d
33 {0 0 b 0 0 0 d 0 a b
- (c d)(—a 0>_<a b) <—c 0):_4Fd6t<c d>'

So F({(a,b), (c,d)) + 4det (Z Z)) = 0 implies L({(a,b), (c,d)) + 4 det (Z Z)) = 0.
Thus,

((a,b), (¢, d)) = —Adet <Z Z) .

Now for any u = (a,b),v = (¢,d),w = (e, f) € V we have

w(u, v) + u(v,w) + v{w, u)

:—4(e,f)det<z Z>—4(a,b)det<z ?)—4(c,d)det<z ‘Z)

= —4(e, f)(ad — be) — 4(a,b)(cf — de) — 4(c,d)(eb — fa) = (0,0);

hence, M7 (B) satisfies (26).
The following proposition gives a specific certain condition to obtain a coordinatization
theorem for Malcev algebras containing L = sly(FF).

Proposition 3.16. The algebra M = sly(B) @ V? from Theorem 5.1/ is isomorphic to the
exceptional Malcev algebra M+(B) if and only if there exist u,v € V such that (u,v) = 1.

Proof. We have already checked that the algebra M7 (B) has the form sly(B) @ V2. It is
observed that (u,v) =1 for u = (3,0), v=(0,-3%) € V.

Let now A = sly(F) 4+ Va(u) + V2(v) be such that there exist u,v € V with (u,v) = 1.
It follows from Proposition 3.9 and its proof that A is a subalgebra of M isomorphic
to the 7-dimensional exceptional Malcev algebra My (F) with mA # 0 for any 0 #
m € M because mL # 0 for any 0 # m € M. Therefore, by [22] (Theorem 3.1),
M = Mr(U) for a certain associative commutative algebra U. It follows from (26) that
V =B -Va(u) + B - Va(v) and U = B. Thus, the proposition is proved. O

3.2.2. Algebras obtained by (commutative) Cayley—Dickson process
Note that if the mapping (-,-) : V2 — B is trivial, then the algebra M is just a
split null extension of the algebra sly(B) by a bimodule V2. In this case, V may be an
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arbitrary commutative B-bimodule. For instance, when B =T and V =TF we get in this
way the algebra M5(F) = sl2(IF) & V2(u) which is a non-Lie Malcev algebra of dimension
five.

Example 3.17. The 5-dimensional non-Lie Malcev algebra M5 (F) = slo(F) @ Va(u) that
contains sly(IF) has the following multiplication table

E F H u(1) u(2)
E 0 H/2 E —u(@) o0
F —H/2 0 —F 0 u(1)
H —-E F 0 —u(l)  u(2)
u(1) u(2) 0 u(1) 0 0
u(2) 0 —u(l)  —u(2) 0 0

where {u(1),u(2)} is the basis of Va(u).

If the mapping (-, -) : V2 — Bis not trivial, then by (26) the rank of V as a B-bimodule
is less than 3. Observe that the left side of (26) is B-multilinear and skew-symmetric on
u,v,w. Therefore, it holds when A (V) = 0. In particular, it holds if the rank of V is
less than or equal to 2. If V' C B -z then the mapping (-, -) is trivial by skew-symmetry.
Let us now consider the case when V is a 2-generated B-module.

Let U be a unital associative commutative algebra over a field of characteristic # 2,3
and a € U. Denote by M (sly (i), o) the algebra sy (U) & vMa(U) with a product defined
by the following analog of (33):

X Y=XY-YX, X-vA=v(X*A—XA), vA-vB=a(BA*—AB*), (34)

where X, Y € sly(B), A, B € M3(B) and A — A* is the symplectic involution.
The algebra M (sly(U), «) is a Malcev algebra that contains sly(U). Here

M (sly(U)), ) = CD (M (B), ) ™) JF - 21

where 27 is a matriz identity of My (U). The algebra CD (M2 (U), o) = Ma(U) & vMa(U)
is an alternative algebra containing M (U) with the same identity element, which by
[24] we will call it the algebra obtained from Mo(U) by the Cayley—Dickson process with
parameter . The algebra M (slo(U), ) is an exceptional Malcev algebra if and only if
the parameter « is invertible in U.

Theorem 3.18. Let B be a unital associative commutative algebra, let V. = B2, and let
(-,+) : V2 — B be a skew-symmetric B-bilinear mapping. Then the algebra M = sly(B) ®
V2 is isomorphic to the algebra Mv(slg(B),a), where a = —((1,0), (0, 3)). Conversely,
every algebra /\7(5[2 (U), @) has this form.
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Proof. Let M = M (sly(U),a). Take V = U2 = {(a,b) | a,b € U},(a,b)(1) =

v (2 (b)>’ and (a,b)(2) = v (8 (l))> € vMy(U). Then we have, as before,

M = sho(U) @ V(1) ® V(2), with {(a,d),(c,d)) = —4adet (a Z) In particular,

c
<(%70)7 (07 %)> = -
Conversely, let M = sly(B) & V2, where V = B2 and ((3,0), (0, 1)) = —a. Define the

’ 2

mapping ¢ : V2 =V (1) @ V(2) = vMy(B) C M (sl2(B), a) by sending, for any a,b € B.

<a,b><1>~>v<2 2) <a,b><2>w(—g ‘3)

It is easy to see that ¢ is an isomorphism of Malcev sly(B)-modules. Moreover, let
z = (a,b), y = (¢c,d) € V = B2, then we have

(z,y) = ((a,b), (c,d)) = (a(1,0) + b(0,1),¢(1,0) + d(0, 1))
= (ad — bc)((1,0),(0,1)) = —4da(ad — be).

Let z = (e, f), t = (g, h) € V; then we have by (32),

_ 13z +(,2) —(y:t)
(,9)(z,1) = 3 ( (x,2) L((a,t) + <y,z>)>
[ alah —bg +cf — de) 2a(ch — dg)
B —2a(af — be) —a(ah —bg+cf —de) |~

On the other hand,

so(x,y)w(z,t):v(j Z)(g £>
(34) e f d -b a b h —f
= o g h = a e a) —g e )

—bg +ah +cf —de 2(ch — dg)
2(—af + be) de —cf —ah+bg |’

Therefore, the mapping
id+¢: M=sL(B) oV — M(shl),a) =sk(B) ®vM(B)

is an isomorphism.
The theorem is proved. O
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Example 3.19. We have the 7-dimensional exceptional Malcev algebra Mz7(F) = sl (F)®
Va(u) @ Va(v) that contains sly(IF). The multiplication table of M7 (F) is

E F H u(1) u(2) v(1) v(2)

E 0 H/2 E —u(2) 0 —(2) 0

F —H/2 0 —F 0 u(1) 0 v(1)

H —-FE F 0 —u(1) u(2) —v(1) v(2)
u(1) u(2) 0 u(1) 0 0 F(u,v) H{u,v)/2
u(2) 0 —u(l)  —u(2) 0 0 H{u,v)/2 E(u,v)
v(1) v(2) 0 v(1) —F(u,v) —H(u,v)/2 0 0
v(2) 0 —v(l) —wv(2) —H{u,v)/2 —E{u,v) 0 0

for (u,v) € F, where {u(1),u(2)} and {v(1),v(2)} are basis of Va(u) and Va(v), respec-
tively.

3.3. The general case

We can easily drop the assumption that mL # 0 for any 0 # m from M.
Let M be a Malcev algebra in H containing L = sl(F). Then, we can consider M as
a Malcev H-module over L and by Corollary 3.2 (i), we have

M:AHDML@NM@JM,

where Anny L = {m € M : mL = 0},

NM = Z @LQZZ@S[Q(F)i,

0#a€ca(M,L,L)

and Jy = Z ®Vs;, where Vy; is a 2-dimensional non-Lie Malcev module for L.

K3
Lemma 3.20. Ann L is a subalgebra of M, (AnnML)NM =0, and (Annp L) Jpg C Jpg.
Proof. Let m,m’ € AnnxL, then

(mm/)L = (mm)L? = (mm/)(LL) 2 0.

Thus (AnnyL)? € AnnpyL and Annp L is a subalgebra of M. Furthermore, since
Nym = Z@slg(]F)i, then
i

(AHHML)NM = (AHHML) Z @5[2(]1?)1 =0

and (AnnML)ZVM =0.
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Now as Jy = V(1) ® V(2), we will prove that (AnnaL)Va(u) C Jaq forany u € V =
V(1). Consider m € AnnpqL, then

—u()mF = u(V)ym - FH Z w(1)FmH + FmHu(1) + mHu(1)F + Hu(1)Fm
@ w1 Fm=o,
we get
w(1)mF = 0. (35)
Also,
—w(2)mF = u(2)m - FH C w(2)FmH + FmHu(2) + mHu(2)F + Hu(2)Fm
= —w()mH + u(2)Fm = —u(1)mH — u(1)m
and
u(@)mF = u(lymH + u(1)m. (36)

Similarly,

%u(l)mH =u(l)m - EF @ u(l)EmF + EmFu(1l) + mFu(1)E + Fu(l)Em = u(2)mF

then

and replacing (37) in (36), we obtain
u(2)mF = —u(1)m. (38)
Further,

wW(2)mE = u(@)ym-EH 2 w(2) EmH + EmHu(2)+mHu(2) E+Hu(2)Em = u(2)Em = 0;

thus
u(2)mE = 0. (39)

In addition,



122 V. Lépez Solis / Linear Algebra and its Applications 736 (2026) 84—125

u(l)mE =u(l)m- EH @ u(1)EmH + EmHu(1) + mHu(1)E + Hu(1)Em

=u(2)mH —u(l)Em = u(2)mH — u(2)m,

S0
u(1)mE = uw(2)mH — u(2)m. (40)
Finally,
%u(2)mH =u(2)m-EF @ u(2)EmF 4+ EmFu(2) + mFu(2)E + Fu(2)Em
=u(1)Em = u(2)m,
then

w(2)mH = 2u(2)m (41)
and replacing (41) in (40), we obtain
u(L)ymE = u(2)m. (42)
The equations (35), (37), (38), (39), (41) and (42) give

u(l)ymH = —2u()m, uw(l)mF =0, u(l)mE = u(2)m
u(2)mH = 2u(2)m, u(2)mF = —u(l)m, u(2)mE = 0.

Denote u'(1) = u(1)m, v'(2) = u(2)m, then

W (1)H = —24/(1), ' (1)F =0, «/'(1)E =4/(2),
W(2)H = 2u/(2), v'(2)F = —d/(1), v/'(2)E = 0.

Thus, the set {v/(1),%'(2)} form a basis of an L-module of type Va; so (AnnaL)Va(u) C
I, then (Annpa L) C .
The lemma is proved. O

Corollary 3.21. The decomposition M = (Annp L & Z\AZM) ® Jam is a Zo-graded algebra
with Mgy = Annp L & Ny, M1 = Jpm.

Proof. It is clear that Anny L is a Lie L-module. Moreover, from Lemma 3.7 we know
that J/2v1 is a Lie L-module, then JJQM - AnnML@NM. Thus, the result is a consequence
of Lemmas 3.3, 3.20 and Corollary 3.5.

The corollary is proved. O
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Furthermore, as already mentioned, from Lemma 3.7 we have J/2\,l C Annp L &P N M-
A similar process to the proof of Proposition 3.9, leads us to

u(D)v(1) = m + F{u,v),
w(1)0(2) = u(2)o(1) = m + %H@, o),
u(2)0(2) = m + Elu,v),

for some m € AnnapL and (u,v) € U, where U is a unital commutative associative

algebra. But from (7), u(1)v(2)F = %u(l)v(l), then

(m+ %H(u,v))F = %(m + F(u,v)),

implies m = 0. Thus, J2, C Njg; so by Lemma 3.3 and Corollary 3.5, Ny @ Jaq =
slo(U) @ V(1) ® V(2) is a subalgebra of M.

As ]VM @ Jur is a subalgebra, we can apply to ]VM @ Jaq the results obtained in
subsection 3.1.3. Thus, we can write

M = AL @ (sl(U) @ V?),
where NM = 5l (U), Ja = V2 and U satisfy
UCT(sl(U)®V?)

and V is a commutative U-bimodule. In addition, there exists a U-bilinear skew-
symmetric mapping (-,-) : V' x V — U such that (V,V) C U and formula (26) holds for
any u,v,w € V. Moreover, in sly(U) @ V? is defined the product (32).

Therefore, we have our main results of this section.

Proposition 3.22. The Malcev algebra M = AnnypL & (slo(U) & V?) in H containing
5lo(F) is isomorphic to Annyp L & M7(U) if and only if there exist (u,v) =1 for u =
(3,0),0=(0,—3) V.

Proof. From Proposition 3.16, the subalgebra sly(U) @ V? is isomorphic to the excep-
tional Malcev algebra M7 (U) if and only if there exist (u,v) = 1 for u = (3,0),v =
(0,-Hev.

The proposition is proved. O

Finally, from the Cayley—Dickson process we get the following result.

Theorem 3.23. The Malcev algebra M = Annp L@ (slo(U) DV?) in H containing sly(F)
is isomorphic to Anny L & M (slo(U), ), where o = —((3,0), (0, 3)).
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Proof. By Theorem 3.18, the subalgebra sy (U) @V ? is isomorphic to the Malcev algebra

M (sl(U), @), where a = —((%, 0), (0, %))
The theorem is proved. O
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