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Abstract: This paper presents a numerical solution for the 2D acoustic wave equation, considering
heterogeneous media. It has been developed through a software in Fortran 90 that uses a second-
order finite difference approximation. This program generates a set of patterns to detect the presence
of oil in the subsurface. The algorithm is based on a geological domain where the sources (shots)
and receivers are located. Each process takes care of a subset of sources and returns to the primary
method patterns and seismograms corresponding to its group of sources. In the end, an image of the
resulting seismogram is shown along the analyzed geologic profile. Stability and convergence tests
were performed to ensure the reliability of the results. These tests were performed using a geological
profile 100,000 m long and 17,400 m deep, divided into strata. For the execution of the software,
a cluster of 16 processors was used as a computational platform.

Keywords: wave equation; simulation; seismic prospecting

1. Introduction
1.1. Formulation of the Problem

Oil exploitation is essential in many Latin American countries since the region has
significant oil and natural gas reserves [1]. The oil industry has been a critical driver of
economic development in some countries, such as Venezuela, Mexico, Brazil, Colombia,
Argentina, and Ecuador.

Oil exploration in Ecuador began in the coastal region, with the discovery of large
oil reserves, proven by drilling the exploratory well Ancón-1 in 1911. It would be the
beginning of oil exploitation in Ecuador [2]. In the 1940s, Shell explored the eastern basin
and drilled several wells. In the 1960s, the country entered an intense campaign to search
for hydrocarbons in the Ecuadorian Eastern Basin, where it discovered large oil reserves.
The drilling of the first exploratory well, called Vuano-1, proved the existence of heavy
crude oil. In March 1967, the drilling of the Lago Agrio-1 exploratory well, at a depth of
10,171 feet, yielded 2610 barrels per day of light crude oil; the oil reserves found have been
exploited since the 1970s to the present day [3]. With the seismic information presented in
2D, an infinity of structural maps of the subsoil is obtained, corresponding to the different
geological levels where the hydrocarbon reserves are located, which shows the oilfields
discovered year after year. These maps show the areas responsible for these works and the
available information necessary to recommend the drilling of exploratory wells.
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To detect the existence of crude oil, exploratory drilling is the only way to know
whether there is oil in the subsoil. Suppose the results of the exploratory drilling are
positive. In that case, a program of drilling advanced wells that delimit the structure
geologically is initiated. Then, the development wells are drilled, which exploits the field
by extracting the oil [4].

Detecting oil requires a knowledge of the geology of the subsoil. Part of this knowledge
is obtained through seismic experiments, which generate seismic waves whose echoes,
recorded on the surface, provide information about the Earth’s interior. In this case, the
numerical modeling of seismic data has been used to support the interpretations of a dataset
from these experiments [5].

Several numerical techniques have been developed to model wave propagation, In-
cluding, among others, finite difference, finite element, Fourier, or pseudo-spectral methods.
Finite difference techniques are widely used and particularly attractive for complex subsur-
face geometries due to the easy computational implementation of boundary conditions [6].

This paper uses the finite difference method to approximate the two-dimensional
acoustic wave equation for heterogeneous media using second-order differences of accuracy
that are solved iteratively by spatial and temporal discretizations. To obtain more realistic
information about the subsurface, signal-emitting sources are placed in different horizontal
locations, which involves a high computational cost since, for extensive geological profiles,
many sources would be needed to create a seismogram associated with each emitter [7]
and the final seismogram is obtained by superimposing each of the placed sources. In this
sense, splitting the set of sources and using a cluster of 16 computers to obtain the resulting
seismogram along the profile is proposed.

Hui-Zhu [8] developed a numerical simulation of elastic wave propagation in az-
imuthally anisotropic media using a multi-level finite difference method. Sabino [9] em-
ployed a GPU-based cluster environment for the development of scalable solvers for a 3D
wave-propagation problem with finite difference methods. Bliyeva [10] presented an al-
gorithm for the numerical solution of an initial-boundary value problem for a symmetric
t-hyperbolic system of partial differential equations, which describes the propagation of
seismic waves in a poroelastic medium saturated with a fluid. Chao [11] developed a fourth-
order finite difference scheme for the numerical modeling of elastic waves in the frequency
domain, which can provide a stable numerical solution with fewer grid points per wave-
length. These papers demonstrate the potential of finite difference methods for simulating
wave propagation in oil exploration. In addition, other authors contribute significantly to
oil exploitation studies, using simulation methods that facilitate the understanding of the
associated variables and their behavior in situ. Liu [12] discusses using the finite difference
method in the numerical simulation of stress wave propagation in the drill string and
how factors, such as temperature and material properties, affect stress wave propagation
characteristics. Han-Don [13] utilizes a higher-order, step-grid finite difference method
to simulate seismic wave propagation and thereby analyzes the correct identification of
low-level faults to detect the distribution of remnant oil. Kakavas-Papaniaros [14] proposes
the use of the finite difference method to investigate stress wave interactions in fractured
rocks for petroleum extraction goals. Finally, Ming [15] uses the finite difference method to
simulate the propagation of seismic waves and establishes a nonlinear model using a neural
network to predict geological information. Altogether, these results indicate that the finite
difference method is a valuable tool for simulating wave propagation in oil exploration.
Moreover, it can be effectively employed to examine the influence of different factors on
wave propagation characteristics.

1.2. Literature Review

The authors presented an exhaustive and critical review of the available documentation
on finite difference simulation for oil extraction [16], where guidelines were given for
reservoir simulations that aimed to improve and reactivate oilfields. In addition, other
authors, such as those cited in [17], applied the exploiting reflectors technique that used
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the acoustic wave equation using the finite difference method. Likewise, authors, such as
those mentioned in [18], developed simulations through finite difference mesh refinement,
achieving typical oilfield structures.

The authors used other methods, such as those presented in [19], including the finite
volume method. This method allows the discretization and numerical resolution of reser-
voirs’ heat and fluid flow. Other authors [20] analyzed failure theories in oil reservoirs
contemplating the dynamic effects and applications of finite element formulations. Further
investigations [21] used the finite element method to simulate different scenarios of an oil
pipeline section, considering the pipeline’s operating conditions (internal pressure) and
variations in diameters, thicknesses, and temperatures. The analysis results showed the
stresses and deformations in the pipeline, having optimal working and safety conditions.

The contour element simulation method was used in reference [22]; the researchers
used the boundary element simulation method to determine the state of stresses acting on
cement in an oil well at a given depth. The combined material model was appropriate in
obtaining Von Misses stresses at the interface; although, it did not provide displacements.
Several methods address oilfield situations, allowing companies to optimize maintenance,
reactivation, and improve oil extraction processes.

The research related to the topic of study is mainly available in Colombia and Venezuela,
where there is a diversity of simulation methods applied to reservoir study. However, these
simulations require extensive data processing and present considerable complexities in
treating the information [23]. Some authors state that there are few works developed in
computational simulations of oil exploitation [24].

After reviewing the literature, the researchers observed that seismic exploration studies
lacked computational developments that could be utilized to optimize the acquisition
parameters in prospective studies.

The research presented here is conducted with realistic elements and parameters,
which can significantly contribute to improved oil-well activation, enabling a more reliable
exploitation and recognition of oil in the subsurface based on the simulation results. The
authors confirm that there are several reliable methods to conduct this study (Table 1); how-
ever, they have certain disadvantages compared to the finite difference method, especially
in data processing and technical requirements.

Table 1. Comparison of the optimization methods potentially applicable to the problem.

Method Description Disadvantages

Finite element method [25]

A numerical method for solving partial differential
equations that involves dividing the domain into finite
elements and approximating the solution within each

element using interpolation functions.

It requires more computation and memory to construct
and solve the system of equations compared to the

finite difference method. It may be more challenging to
implement and adjust due to the complexity of creating
the interpolation functions for each element. The finite

difference method may need a more accurate
representation of complicated geometries.

Finite volume method [26]

A numerical method for solving partial differential
equations that involves dividing the domain into finite

volumes and applying conservation laws to
each volume.

Compared to the finite difference method, it requires
more memory and computational time to construct

and solve the system of equations. Implementing and
adjusting may be more challenging due to the need to
discretize the domain into finite volumes. It may need

to be more accurate in representing gradients of the
solution at the edges of finite volumes.

Contour element method [27]

A numerical method for solving partial differential
equations that involves discretizing only the boundary
of the domain and approximating the solution at the

border using interpolation functions.

It may be less accurate than the finite difference
method in the solution in the domain’s interior since

only the boundary is discretized. It may be more
challenging to implement and tune due to the

complexity of constructing the interpolation functions
for the border. It may require a more significant

amount of memory and computational time than the
finite difference method to build and solve the system

of equations.



Appl. Sci. 2023, 13, 8852 4 of 14

Table 1 presents a comprehensive range of methods to obtain a numerical solution for
partial differential equations within a specific domain. This study, in particular, meticu-
lously examines three prominent methods: the finite element method, the finite volume
method, and the boundary element method.

The papers collectively suggest that finite difference methods are commonly used
for wave propagation simulation in oil exploration due to their high precision, flexibility,
and cost-effectiveness. However, the simulation of these phenomena demands a high
computational cost and large amounts of available memory. To solve this problem, some
researchers propose using GPU-based solvers for wave propagation problems [9,28]. Ad-
ditionally, Ping [29] reviews finite difference methods for elastic wave motion modeling,
discussing issues, such as finite schemes, source problems, boundary conditions, and
numerical dispersion. Finally, Basabe [30] compares the accuracy of various monolithic
methods for wave propagation in the presence of a fluid–solid interface, finding that
a first-order velocity-stress formulation could be used to treat fluid–solid interfaces without
necessarily using staggered grids. Overall, the papers highlight the importance of finite
difference methods in wave propagation simulation for oil exploration, while also identify-
ing unresolved problems, such as the high computational cost and incorporation of proper
boundary conditions.

Further studies suggest that algorithms are available to simulate wave propagation
in oil exploration. Xiong [31] proposes two wave propagation models based on deep
neural networks that use seismic attributes and rock physical properties to estimate seismic
properties. Serpa [32] suggests optimization strategies for a wave propagation model for
many kernel systems, including improved cache utilization, vectorization, and locality
in the memory hierarchy. Basir [33] proposes a reduced-order modeling method that
uses modal forms of the model to decrease the computational cost of wave propagation
modeling for applications such as inverse time migration. Hanindhito [34] proposes GAPS,
a GPU-accelerated PDE solver for wavelet simulations that is efficient and scalable and
uses hardware- and data-motion-aware algorithms to improve the performance by up to
84.15 times over CPU implementations and 1.84 times over basic GPU implementations
on average. Overall, these works suggest that several algorithms exist for performing
wave propagation simulations in oil drilling and that these algorithms can be optimized to
improve the performance.

1.3. Acoustic Wave Equation

The acoustic wave equation is a mathematical equation that describes how sound
waves propagate in an acoustic medium, such as air, water, or any other elastic medium [26].
This equation represents the law of energy conservation. It states that the sound pressure
variation at a given point equals the rate at which the pressure changes and propagates in
the acoustic medium. In other words, the acoustic wave equation describes how sound
waves propagate in the medium and how they change over time [35,36].

The acoustic wave equation for heterogeneous media is derived using the Euler
relation (1) and the continuity Equation (2) from the following, as stated in [6]:

∂v
∂t

+
1
ρ

→
∇p = 0 (1)

∂p
∂t

+ ρc2
→
∇v = 0 (2)

where v represents the velocity of a particle, p is the sound pressure, ρ(x, z) is the density,
and c = c (x, c) is the velocity of the wave in the corresponding medium. Applying the
divergence to Equation (1), it has:

∂

[→
∇v
]

∂t
+
→
∇
[

1
ρ

→
∇p
]
= 0 (3)
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Deriving Equation (2) concerning time, it has:

∂2 p
∂t2 + ρc2

∂

[→
∇v
]

∂t
= 0 (4)

Clearing the first term of Equation (3) and substituting the one in (4) yields:

∂2 p
∂t2 − ρc2

→
∇
[

1
ρ

→
∇p
]
= δ(r) f (t) (5)

Equation (5) is the acoustic wave equation in terms of the pressure of the medium.
Note that the equation includes the source of the right side of the equation. The Dirac delta
function positions the source in space, and the function (t) defines its characteristic shape
in time [27]. In this paper, the Kronecker delta replaces the Dirac delta, which has a value
of 1 at the location of the source and 0 at any other point in the region under study.

Using the properties of the Dirac and Kronecker delta values, it is possible to analyze
the characteristics of the considered source. In this case, the source is of the discrete
impulse type, representing an instantaneous peak. The Dirac delta function behaves as
a function of the two variables, usually restricted to non-negative integers. For example, in
a referential system, the horizontal axis, x, is a given value, and y is zero. For any other x
value, the Kronecker delta function comes into play as a function of two variables, usually
restricted to non-negative integers. It produces a value of 1 when the two variables are
equal and 0 otherwise. The Kronecker delta function avoids using an “infinite impulse” as
a source [28].

2. Materials and Methods
2.1. Description of the Model

The mesh was divided into Nx by N points. It defined ∆x and ∆z as the distance
between the points or nodes of the mesh. If ∆t was the increment in time, then t = k∆t,
where k was the step-in time with k = 1, 2, . . ., n. With this discretization, one can describe
a scheme of infinite difference to approximate Equation (5) by rewriting it as follows:

∂2 p
∂t2 − ρc2

[
∂

∂x

(
1
ρ

∂p
∂x

)
+

∂

∂z

(
1
ρ

∂p
∂z

)]
= δ(r)(t) (6)

The second derivative concerning time can be approximated using the equation in
differences centered on the second-order [3]:

∂2 p
∂t2 =

p(i, j, k + 1)− 2p(i, , k) + p(i, j, k− 1)
∂t2 (7)

where p(i, j, k) = p (i∆x, j∆z, k∆t). Similarly, the spatial derivative is also approximated by
an equation in finite differences:{

∂
∂x

[
1
ρ

(
∂p
∂x

)]
}k

i,j =
ρ−1(i+ 1

2 ,j)
∆x [ ∂p

∂x ]
k
i+ 1

2 ,j
− ρ−1(i− 1

2 ,j)
∆x [ ∂p

∂x ]
k
i− 1

2 ,j

=
ρ−1(i+ 1

2 ,j)
∆x

[
p(i+1,j,k)−p(i,j,k)

∆x

]
− ρ−1(i− 1

2 ,j)
∆x

[
p(i,j,k)−p(i−1,j,k)

∆x

] (8)

Moreover, this is similar for the component in z, which is given by:{
∂
∂z

[
1
ρ

(
∂p
∂z

)]
}k

i,j =
ρ−1(i,j+ 1

2 )
∆z [ ∂p

∂z ]
k
i+ 1

2 ,j
− ρ−1(i,j− 1

2 )
∆z [ ∂p

∂z ]
k
i,j− 1

2 ,

=
ρ−1(i,j+ 1

2 )
∆z

[
p(i,j+1,k)−p(i,j,k)

∆z

]
− ρ−1(i,j− 1

2 )
∆z

[
p(i,j,k)−p(i,j−1,k)

∆z

] (9)
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By substituting Equations (7)–(9) into (6), simplifying and taking the value ρ−1 (i ± 1/2, j)
as the average value between two nodes, one has to solve it for future time steps:

p(i, j, k + 1) =2p(i, j, k)− p(i, j, k− 1)

+
ρ(i, j)c2(i, j)∆t2

2∆x2 x
{[

ρ−1(i + 1, j) + ρ−1(i, j)
]
[p(i + 1, j, k)− p(i, j, k)]

−
[
ρ−1(i, j) + ρ−1(i− 1, j)

]
[p(i, j, k)− p(i− 1, j, k)]

+

(
∆x
∆z

)2[
ρ−1(i, j + 1) + ρ−1(i, j)

]
[p(i, j + 1, k)− p(i, j, k)]

−
[
ρ−1(i, j) + ρ−1(i, j− 1)

]
[p(i, j, k)− p(i, j− 1, k)]

}
+ δ

i,j
is,js f (k)

(10)

When performing simulations that involve partial differential equations, it became
evident that, aside from the rounding and truncation errors of the series (bearing in mind
that the expressions of finite differences were derived from a second-order Taylor series
development), there were errors inherent in the process due to the challenges of accurately
adapting the physical model to describe the natural physical system and the limitations of
the boundary conditions. Convergence and stability tests ensured that the finite difference
approximations used in discretization tests were correct. There are ways to calculate the
convergence of a code when analytical solutions are known. Once the value of ∆x is known,
the minimum number of nodes can be determined to present a numerical solution for this
system. The Courant–Friedrichs–Lewy (CFL) condition is necessary to achieve a numerical
solution for differential equations in partial derivatives’ convergence [20]. To study stability,
it is sufficient that the solutions of the differential equations do not present oscillations
(whether regular), mainly when the solutions depend on time. It is necessary to allow the
physical variables p to evolve for a long ρ time to verify that no irregular oscillations or
peaks occur. For both cases, this time was 100 s.

The researchers conducted several runs of the code using both Dirichlet and Neumann
conditions. They found that the most stable and optimal solutions consistently came from
Dirichlet boundary conditions. For the results presented in the paper, they considered
ions with equal zero-pressure values at all edges. The initial condition was determined by
evaluating the inhomogeneous term of Equation (6) at time t = 0.

2.2. Implementation of the Optimization Algorithm

The optimization algorithm involves the following work sequences (Figure 1):
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1. Definition of the geological model: defining the geological model that describes the
characteristics of the reservoir rock and fluids, as well as their spatial distributions.
The model is represented as a three-dimensional mesh of discrete points.

2. Definition of the wave model: defining the wave model that describes the propagation
of seismic waves in the reservoir. This model is discretized using the finite difference
method to obtain a discretized wave equation.

3. Definition of boundary conditions: defining the boundary conditions that limit the
simulation domain. These conditions include reflection conditions, absorption condi-
tions, and other relevant boundary conditions.

4. Source signal generation: generating a source signal representing the seismic energy
source used to excite seismic waves in the reservoir.

5. Definition of simulation parameters: specifying simulation parameters, such as mesh
size, simulation duration, sampling frequency, and source signal parameters.

6. Simulation initialization: initializing pressure and velocity values at each grid point
to zero at the initial time.

7. Simulation iteration: performing simulation iterations using the finite difference method.
The discretized wave equation updates the pressure and velocity values at each mesh
point during each iteration, while boundary conditions limit the simulation domain.

8. Solution evaluation: evaluating the simulation solution against the objectives of
petroleum exploration. This evaluation may involve visualizing wave patterns, iden-
tifying zones of interest in the reservoir, and estimating reservoir properties, such as
permeability and porosity.

9. Optimization of simulation parameters: optimizing simulation parameters using
an optimization algorithm. Parameters that can be optimized include energy source
position and orientation, source signal frequency, and mesh parameters.

10. Simulation re-run: repeating the simulation with newly optimized parameters. The
new solution is evaluated and the optimization process is repeated iteratively until
the desired objective is achieved.

3. Results

Indeed, when simulations involving partial differential equations were performed,
apart from the errors of rounding and truncation of the series (remember that the finite
difference expressions were derived from a Taylor series development to the second order),
there were errors associated with the limitations of adapting the physical model to accu-
rately describe the realistic physical system and the limitations of the boundary conditions.
However, convergence and stability tests ensured that the finite difference approximations
used in the discretization were correct.

There are ways to calculate the convergence of a code when the analytical solutions
are known. For example, by knowing the value of ∆x, the minimum number of nodes
required to find a numerical solution for Equation (5) could be determined. Furthermore,
the Courant–Friedrichs–Lewy (CFL) condition was necessary for converging the numerical
solution of partial differential equations in partial derivatives.

To study the stability, it was sufficient that the solutions of the differential equations
did not present oscillations (are regular), considering that the solutions depended on time.
Let the physical variables p and ρ evolve over a long period of time to verify that they do
not present oscillations or jagged peaks. This was performed for a time of 30 s. Figure 2
shows the evolution of the acoustic pressure as a function of time for different meshes ∆x. The
development remained smooth without showing irregular behaviors during this evolution.

In Figure 2, the peak observed around 10 s occurs when the wave passes from the first
to the second layer. We attempted to mitigate this effect by employing a highly refined
mesh (consisting of many points). However, due to the limitations of the machine, some
code runs could not effectively smooth out these peaks.

Figure 3 shows the density behavior as a function of distance x for different meshes
∆x. The density shows a typical behavior during the simulation for different x values.
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Figure 3. Density behavior as a function of distance x for different meshes ∆x. The density shows
a typical behavior during the simulation for different values of x and remains smooth without
showing irregular behavior.

In some cases, when the analytical solution was not known, one way to perform the
convergence was to take as the analytical solution the numerical value of the first iteration
of the program and compare it with the numerical value of the second iteration. Then, the
value of the second iteration was taken as the analytical solution and compared with the
numerical value of the third iteration, and so on.

The convergence consisted of checking how close the numerical solution obtained was
to a known analytical solution.

To perform the convergence of the code implemented in Fortran 90, we proceeded
as follows: because the finite difference approximation method used in the Taylor series
development was of a second order, the error was postulated to also be of the second order
in ∆x.

error = ∆x2 (11)

Applying logarithm and its properties to both members of Equation (16):

log (error) = 2log ∆x (12)

Equation (16) presented the behavior of a straight slope line equal to two. Plotting
Log(error) vs. Log(∆x) presented the error between a known analytical solution and the
numerical solution for the acoustic wave equation. A slope approximately equal to two
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implied that the numerical solution converged with the analytical solution. In this case,
a general expression for the convergence calculation, given by the L2 standard, was used
for the convergence, provided by:

L2 =

√
∑i,j

(
fij − Fij

)2 (13)

where fij represents the analytical acoustic pressure derived from the solution of the equation.

∂2 p
∂z2 − C

∂2 p
∂t2 = 0 (14)

where C includes all the constants of Equation (5), and Fij is the numerical solution obtained
from the numerical implementation of Equation (10), keeping only the dependence on
the z coordinate (14). Making L2 = error, by plotting Log(error) vs. Log(∆x), changing the
number of points in x, one has a straight line of slope 1.8, in agreement with the expected
second order, as shown in Figure 4.
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Backward and forward finite differences were also implemented in the developed
software. In verifying the stability and convergence, it was observed that it was stable only
when using centered differences.

A case of particular importance was when time-forward schemes were used as a nu-
merical solution. Consequently, in many simulations, the time step had to be less than
a characteristic value. Otherwise, the code may have been unstable and did not yield the
correct results. The CFL condition is commonly related to the numerical propagation speed.

For the numerical solution to be stable, the following stability criterion for the standard
second-order finite difference scheme for the wave equation is established, as reported
in [9,10], and is given by (15):

c∆t
∆x∆z

≤ 1
√2

(15)

At each time step, the wavefield propagated at the internal nodes according to
Equation (10), and then propagated along the lateral and bottom boundaries employ-
ing the difference relations given in [10]. In this work, the relation max (∆x, ∆z) ≤ λ/4 was
used, where λ represents the wavelength [11].
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3.1. Algorithm

The sources were placed at a particular separation distance called (offset). The sources
were assumed to be separated at the same distance to determine the number of shots fired.
The integer division between the length of the profile from the location of the initial source
(xsource) and the distance between the sources defined the total shots. This is expressed in
the following equation:

nshots =
[

Nx− xsource

o f f set

]
(16)

Once the number of shots was known, they were distributed equally among the
number of processors. Thus, the number of shots per processor were obtained from the
integer division of the number of shots by the number of processes. The remainder of this
division meant one more shot in the first process. In this way, each process generated the
locations of its sources and executed the sequential code for each of them.

The authors used a simple geologic model to demonstrate the validity of the code
application. The model (Figure 1) comprised three layers. The velocity for the first layer
was set at 610 m/s (due to the limitations of the machine used), the second layer at 700 m/s
velocity, and the last layer at 830 m/s velocity. Additionally, the authors set a constant
density of 2.0 g/cm3 for all three layers.

Figure 5 shows the additional parameters used in the simulation. For this model, it
took 98.10 s to place a source on the horizontal reference axis position. Using the data
presented in Figure 5, the authors generated 87 horizontally placed sources, resulting in
a sequential run time of 98.10 × 87 = 8534.7 s. As the complexity of the model increased
and longer recording times were needed, the computational cost also increased.
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Figure 5. The geological model was used in the simulation [31]. The depth is displayed, P(m), as
a function of distance (m).

This paper demonstrated the validity of the code using a simple geologic model. The
model (Figure 5) consisted of three layers. The authors set the velocity of the first layer at
610 m/s (due to limitations in the cluster used), the second layer at 700 m/s, and the last
layer at 830 m/s. Additionally, they set a constant density of 2.0 g/cm3 for all three layers.
The additional parameters are provided in Table 2.

Table 2. Parameters considered in the simulation.

Parameter Value

Time 5 s

Maximum frequency 14 Hz

Number of receptors 1000

Distance between receptors 40 m

Length in x 100,000 m

Depth 17,400 m

Distance between sources 50 m
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For this model, it took 98.10 s to place a source in a horizontal position. Based on the
data presented in Figure 2, 87 sources were located horizontally in total. Consequently,
firing each source sequentially would result in an execution time of 98.10 × 87 = 8534.7 s,
equivalent to over two hours of execution. The computational cost increased if the model
was more complex and required a longer recording time.

The code was implemented using a finite difference scheme on a cluster of 16 processors.

Distance (m) 0 2e + 04 4e + 04 6e + 04 8e + 04 10e + 04 P(m) 2.0

Table 2 shows the parameters used in the simulation, including aspects of the receivers’
position and sources.

Figure 6 shows the seismogram generated by propagating the acoustic wave equation
on the model of Figure 4 and the parameters presented in Table 2.
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3.2. Test Dataset Description

During the study, the continuous monitoring of the behavior of the variables involved
in the process, such as pressure, wave velocity, amplitude, and travel time, was performed
during each iteration cycle to evaluate the behavior of these parameters in the acoustic analysis
developed in the oilfield region. This technique allowed the comparison of data obtained in
the field with those provided by the mathematical model, to make the appropriate adjustments
in the mathematical model that fit the existing boundary conditions in the area of operation.
As a result, these adjustments and refinement of the pseudocode allowed us to understand
the behaviors of the wave dispersion in different subsurface geological conditions.

The geological conditions in the oil zones influenced the characterization of the ge-
ological variables that defined the mathematical model when considering the readings
obtained in the measurement process conducted in the field and comparing it with the
results obtained using the finite difference approximation method in the seismographic
study of wave propagation in the oil zones.

3.3. Information System Architecture

For the development of the research, it was necessary to define a system that allowed
globalizing the variables and input data required by the mathematical model in the geolog-
ical analysis of wave propagation in the oilfields (Figure 7). Furthermore, it was necessary
to delimit the domain of the selected region to implement the algorithm for the study of
wave propagation in oil exploration. It should be noted that this delimitation allowed us
to characterize the geological samples and their behavior in the presence of an oilfield,
which constituted a fundamental part in the feeding of the variables of the pseudocode
that allowed us to evaluate the behavior of the different geological layers of the subsoil.
The system based on the fundamental characteristics of the analytical system of wave prop-
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agation in the presence of an incitation disturbance that was propagated in a geological
domain was used to evaluate the presence of hydrocarbons in the subsoil.
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3.4. Investigation of the Stability of the Generated Results

The researchers observed that the developed pseudocode analyzed and evaluated dif-
ferent oilfield geological samples within the selected domain. The programming simulator
proposed in this study was adapted for all the proposed scenarios, producing a satisfactory
response that adjusted to the geological behavior in the presence of hydrocarbons in the reser-
voirs. Notably, they evaluated the stability of the code in a realistic situation using ultrasound
equipment for reservoir detection. The simulation software responded consistently to the
wave propagation analysis on the oil surface, producing satisfactory results.

To test the stability of the solutions, the researchers subjected the pressure to pro-
longed durations, considering its time-dependent nature. As the pressure progressed over
several units of computational time, its graph exhibited a smooth and consistent pattern
throughout this evolution. The absence of unexpected peaks in the pressure graph during
the progression was observed and ensured. For maintaining solution stability, calculating
the interdependent mesh sizes (dx, dy, dz, and dt) required meticulous consideration to
select the appropriate number of points for each mesh. A comprehensive examination
of the meshes and spacings in the x, y, z, and t directions was conducted, ensuring their
mutual dependence and adherence to the limits imposed by the CFL condition. The paper
specified stability conditioned by the CFL condition (refer to Equation (15)), implying
a specific relationship that must be fulfilled. Figure 1 illustrates the smooth evolution up to
150 s, with no occurrence of peaks.

3.5. Perspectives and Limitations

Among the study limitations, it can be mentioned that there were many finite differ-
ence schemes: backward, forward, and center, among others. The developed code was
not stable for all of them. There were, in fact, previous studies where, according to the
differential equation under study, it was determined that it was not stable for all cases.
The scheme used in this paper was stable for several tests with fine meshes as far as it
was possible using the available computers. The boundary conditions that made the code
steady were the Dirichlet conditions.

4. Conclusions

According to the wave obtained in the seismogram, the experts determined whether
there was oil in the subsoil. The algorithm presented in this paper showed a high efficiency
when propagating the acoustic wave equation in a geological profile using a firing line.
This algorithm can be used in real seismic exploration studies to refine the acquisition
parameters in prospective studies.

The results allow us to conclude that, in a reasonable time, a set of experiments helps
decision making regarding recording time, the separation of receivers, the separation of
sources, and the maximum frequency range of the source for reliable oil exploration studies.
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This algorithm can be used in real seismic exploration surveys to fine-tune acquisition
parameters in the prospective surveys.

Different simulations were performed using different parameters, boundary con-
ditions, and meshes. There are solutions better than the finite forward and backward
differences for thick meshes with spatial discretizations. When the passage of time is
considerably long, the answers are similar and deviate from the analytical solution. For
depths greater than 17,400 ft, the code becomes unstable. More accurate results can be
obtained using a cluster with more processors.

In the future research conducted in this field, improvements in computational effi-
ciency should be implemented to explore the techniques to improve the computational
efficiency of the finite difference simulation method. This study could investigate alter-
native numbering schemes, optimize code implementations, and use parallel computing
techniques to reduce simulation times. In addition, a sensitivity analysis should be per-
formed to assess the impact of various parameters on the simulation results. This research
could involve studying the influence of factors, such as mesh size, time step, source fre-
quency, and geological properties, on the accuracy and stability of the simulation.
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